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Abstract. We study the set of monomial ideals in a polynomial ring as an 
ordered set, with the ordering given by reverse inclusion. We give a short proof 
of the fact that every antichain of monomial ideals is finite. Then we investigate 
ordinal invariants for the complexity of this ordered set. In particular, we 
give an interpretation of the height function in terms of the Hilbert-Samucl 
polynomial, and we compute upper and lower bounds on the maximal order 
type. 



Introduction 

Monomial ideals (that is, ideals generated by monomials) in polynomial or power 
series rings play an important role in commutative algebra and algebraic combina- 
torics, both from a theoretical and a practical perspective. The reason for this is 
that more often than not problems about arbitrary ideals can be reduced to the 
special case of monomial ideals, and hence to questions of a combinatorial nature. 
Conversely, monomial ideals may be used to make algebra out of combinatorics, 
see, e.g., [43]. The link between monomial ideals and arbitrary ideals is provided 
by the theory of Grobner bases (or standard bases), see, e.g., [6]. 

Let K be a field and R = K[X] = K[X\, . . . , X m ] the ring of polynomials in 
indeterminates X = {Xi, . . . ,X m } with coefficients from K. We employ the usual 
multi-index notation X v = X Vl ■ ■ ■ X Vm for monomials, where v = [y\, . . . , v m ) 
is an m-tuple of non-negative integers. Divisibility of monomials in R has the 
following well-known finiteness property: 

Every sequence X v ' , X vi ' X vi , . . . of monomials in R such 

that X u does not divide X v 3 , for all i < j , is finite. 
This equally elementary and fundamental fact, commonly known as "Dickson's 
Lemma" , is arguably "the most frequently rediscovered mathematical theorem." 
([6], p. 184.) Among other things, it implies Hubert's Basis Theorem, with its 
numerous consequences. Recently Diane Maclagan [29] proved the following more 
general result: 

Every sequence I 1 -- 1 ^ , I*- 2 -* , . . . , 1^ , . . . of monomial ideals in R such 
that JW J2 whenever i < j is finite. 

She also showed how this can be used to give short proofs of several other finite- 
ness statements like the existence of a universal Grobner basis of an ideal in R 
and the finiteness of the number of atomic fibers of a matrix with non-negative 
integer entries. Galligo's theorem on the existence of generic initial ideals can also 
been seen as a consequence of this principle, as can the upper semi-continuity of 
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fiber dimension (see [4]) and Sit's theorem [42] on the well-ordcrcdness of the set of 
Hilbert polynomials under eventual dominance; for the latter see Section 3 of the 
present paper. It is these remarkable applications which seem to warrant a further 
investigation into combinatorial finiteness phenomena of monomials in R. The the- 
ory of Noetherian ordered sets provides a convenient axiomatic framework for this: 
Let (S, <) be an ordered set, i.e., S is a set and < is a (partial) ordering on S. We 
call (S 7 <) Noetherian if every sequence s\, s 2 , ■ ■ ■ , s n , . . . in S such that Si ^ Sj 
for all i < j is finite. Dickson's Lemma may then be rephrased as saying that 
the set of monomials under divisibility is Noetherian, and Maclagan's principle just 
expresses that the set M m of monomial ideals in K [X] ordered by reverse inclusion 
is Noetherian. Noetherian orderings are usually called "well-partial-ordcrings" or 
"well-quasi-orderings" in the literature (see, e.g., [25]). We follow a proposal by 
Joris van der Hoeven [46] and use the more concise (and perhaps more suggestive) 
term "Noetherian" . Noetherian ordered sets play an important role in such di- 
verse fields as asymptotic differential algebra [46] , Ramsey theory [26] , theoretical 
computer science [13], and proof theory [19]. 

The purpose of this paper is to study some aspects of the set of monomial ideals 
of K[X] from the point of view of combinatorial set theory. In Section 1, after 
reviewing some basic facts about Noetherian ordered sets, we first give a quick 
proof of Maclagan's result. We also indicate a certain generalization, dealing with 
direct products of Noetherian ordered sets (Proposition 1.12), which was stated 
without proof in [29] and attributed there to Farley and Schmidt. 

The complexity of a Noetherian ordered set (5, <) can be measured in terms of 
certain ordinal- valued invariants. We recall their definitions and basic properties in 
Section 2. Here is one example: There always exists a chain in S having maximal 
possible order type, called the height of S; for x e S, the height of the Noetherian 
ordered set S^ x := {s e S : s ^ x} is called the height of x (in S). From a result of 
Bonnet and Pouzet [8] we deduce that the height of (M m , 2) is ui m + l. In Section 3 
we give an interpretation of the height of a monomial ideal / in terms of the Hilbcrt- 
Samuel polynomial of M = R/I. Recall that for every finitely generated graded 
i?-modulc M = seN M s , the function which associates with s G N the dimension 
of the if -vector space M s agrees, for all sufficiently large s, with a polynomial in 
Q[T], called the Hilbert polynomial of M, see [11], Chapter 4. It follows that the 
function s dimx M< s , where M< s := ©i =0 M i; also ultimately agrees with a 
polynomial in Q[T], which is called the Hilbert-Samuel polynomial of M. We let 
T m denote the set of homogeneous ideals of R, considered as a (partially) ordered 
set, with the ordering given by reverse inclusion. Given I G I m we denote the 
Hilbert-Samuel polynomial of R/I by pi. We totally order <S m = {pi : I E T m } by 
eventual dominance: pi < p.j if and only if pi(s) < p.j(s) for all sufficiently large 
s. The map p: T m — > S m that maps / to pj is strictly increasing. It is well-known 
that the map taking each finite i?-modulc to its Hilbert polynomial is the universal 
additive function on finite i?-modules which is zero on modules of finite length. 
(See [16], Section 19.5 for a precise statement.) The following theorem, proved in 
Section 3 below, is in a similar spirit; it shows that p is universal among strictly 
increasing surjections defined on the ordered set l m . 

Theorem. For every strictly increasing surjection ip: T m — > S, where S is any 
totally ordered set, there exists a strictly increasing map tp: S m — > S with ipop < if. 
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Every total ordering extending the ordering < of a Nocthcrian ordered set (5*, <) 
is a well-ordering. This fact gives rise to another invariant of (S, <): by a theorem 
of de Jongh and Parikh [12], there exists a total ordering extending < of maximal 
possible order type, which we call the type o(S, <) of (S, <). In Section 4 we obtain 
upper and lower bounds on o(M m , We show that 

+ 1 < o(M m , 2) < w" m+1 . 

The proof of the upper bound involves a generalization of a result of van den Dries 
and Ehrlich [44], [45] on the order type of submonoids of ordered abelian groups. 
The lower bound is established by studying a particularly useful total ordering on 
M m extending D, inspired by the Kleene-Brouwer ordering of recursion theory and 
Kolchin's rankings of characteristic sets. Both bounds still leave much room for 
improvement. 

We should mention that Dickson's Lemma and Maclagan's principle are only 
the first two levels of an infinite hierarchy of finitencss principles: N m is "bctter- 
quasi-ordered." (This was first shown by Nash- Williams [34].) We refer to [3] for 
the definition of "better-quasi-ordered" set and applications of these more general 
finitencss properties. 

Acknowledgments. The first author would like to thank Bernd Sturmfels, whose 
questions on the total orderings of monomial ideals inspired this work, and Andreas 
Weiermann for an e-mail exchange around the topics of this paper. 

Notations and conventions. The cardinality of a finite set S is denoted by 
\S\. We let m,n, ... range over N := {0,1,2,...}. For any set U, let U* = 
UneN ^™ denote the set of finite sequences of elements of U. Here U° consists 
of the single element e (the empty sequence). (So 0* = {e}.) For an element 
a = (ai, . . . , a n ) G U* we call the natural number n the length of a, denoted by 
length(a). For a = (ai, . . . , a n ) and b — (bi, . . . , b m ) in U* we write a C b (a 
is a truncation of the sequence 6) if n < m and a = (ai, . . . , a„) = (bi, . . . , b n ). 
By ab :— [a\, . . . ,a n ,b\, . . . , b m ) we denote the concatenation of the sequences 
a = (ai, . . . , a n ) and b = (bi, . . . , b m ) in U*. If, for example, a — (ai), we shall also 
write a\b instead of (ai) b. With concatenation as monoid operation, U* is the free 
monoid generated by U (with identity e). We extend concatenation to subsets of 
U* in the natural way, for example, aS = {ab : b e S} for a e U* and S C U*. 

1. NOETHERIAN ORDERED SETS 

In this section we first review the definitions and basic facts about Noetherian 
ordered sets. We then give a short proof that the set of monomial ideals in K [X] 
is Noetherian, and outline a generalization. 

Orderings and ordered sets. A quasi- ordering on a set S is a binary relation < 
on £ which is reflexive and transitive; we call (S, <) (or simply S, if no confusion 
is possible) a quasi-ordered set. If in addition < is antisymmetric, then < is called 
an ordering, and the pair (£, <) is called an ordered set. If < is a quasi-ordering on 
S, then so is the inverse relation >; likewise for orderings. If x and y are elements 
of a quasi-ordered set S, we write as usual x < y if x < y and y ^ x. Given a 
quasi-ordering < on a set S and an equivalence relation ~ on S which is compatible 
with < in the sense that x < y => x' < y' for all x' ~ x and y' <~ y, there is a 
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unique ordering <s/~ on the set S/<~ = {x/^ : x E S} of equivalence classes of <~ 
such that 

x/~ <sy~ a; < y. 

If < is an ordering on S, then <s/~ is an ordering on S/^. For any quasi-ordering 
< on S, the equivalence relation on S defined by 

x <~ ?/ x < y and y < a; 

is compatible with <, and in this case <s/~ is an ordering. Hence by passing 
from (S, <) to (Sy~, <sy~) if necessary, we usually can reduce the study of quasi- 
orderings to the one of orderings. In the following, we shall therefore concentrate 
on ordered sets. 

Total orderings and directed orderings. We say that an ordering on a set S 
is total if x < y or y < x for all x,y E S. An ordering <' on a set 5* is said to 
extend the ordering < on S if x < y => x <' y for all x, y E S. Every ordering on 
a set S can be extended to a total ordering on S. (Szpilrajn's Theorem; the proof 
uses the Ultrafiltcr Axiom.) An ordering on S is directed if for any x,y G S there 
exists z E S with x < z and y < z. Any total ordering is directed. 

Maps between ordered sets. A map ip: S — > T between ordered sets 5* and T 
is called increasing if 

x <y ^> ip(x) < ip(y) for all x,y € S 

and decreasing if 

x < y ^> f(x) > ip(y) for all x,y E S. 
Similarly, we say that y> : S — > T is strictly increasing if 

x < y ^> ip(x) < ip(y) for all x,y E S 
and strictly decreasing if 

x < y ^> ip(x) > <^(y) for all x,y E S. 

We shall write Incr(S', T) for the set of all increasing maps S — > T and Decr(S', T) 
for the set of all decreasing maps 5 — > T. A map i/> : S — > T is a quasi- embedding 
of S 1 into T if 

i/>(a;) < ^i(y) x < y for all x,y E S. 

An increasing quasi-embedding S 1 — > T is called an embedding of S 1 into T. Finally, 
a map S — > T is called an isomorphism between S 1 and T if it is increasing and 
bijective, and its inverse is also increasing. 

Construction of ordered sets. Every set S can be equipped with the trivial 
ordering, given by x < y ^=^> x = y. There arc a number of standard constructions 
for obtaining new (quasi-) ordered sets from given ones. For example, by restricting 
the ordering, any subset of an ordered set can be construed as an ordered set in 
its own right. Let us explicitly mention some of the constructions used below. For 
this, let (S, <s) and (T, <t) be ordered sets. The disjoint union of the sets S and 
T is naturally ordered by the relation <s U <t\ we shall denote this ordered set 
by S II T. The cartesian product S x T of S and T can be made into an ordered 
set by means of the product ordering: 

(x, y) < (x, y') :^=f x < s x and y < T y' , 
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or the lexicographic ordering: 

(x, y) <i cx (x\ y') :^=^ x <s x' or (x = x' and y < T y'), 

for (x, y), (x', y') G S x T. Taking S = T yields the product ordering and the 
lexicographic ordering on T 2 = T x T, and by repeating the construction, on T m 
for any m > 0. More generally, if I is any set, then the set T 1 of all functions 
I — > T is ordered by setting 

f <9 /(*) <T g(i) for all i G I. 

By restriction this yields orderings on the subsets Incr(S', T) and Decr(S, T) of T s . 
If the ordering on S is directed, we have (at least) two other ways of defining a 
quasi-ordering on T s which extends the product ordering: 

(1) using the lexicographic ordering, defined by 

/ <iox g :^=^ / = g, or there is y G S with 

f(x) = g(x) for all x < s y and f(y) < T g(y), 

and 

(2) using the dominance quasi- ordering, given by 

/ d 9 : < ^=> there is y G S with f(x) <t g(x) for all x >s y. 

If both <g and <t are total, then <i ox is total. In general, the dominance quasi- 
ordering is neither antisymmetric (i.e., not an ordering on T s ) nor total. 

Example 1.1. We consider N as an ordered set under its usual ordering, and we 
equip N m with the product ordering. For v = [y\, . . . , v m ) G N m we put \v\ = 
v\ + ■ ■ ■ + v m (the degree of v). Let X — {X\, . . . , X m } be distinct indeterminatcs 
and X° = {X" : v G N m } the free commutative monoid generated by X, where 
X v := XI 1 ■ ■ ■ X%™ for v = {v u . . . , v m ) G W n . We order X° by divisibility: 

X v < X» /i = v + X for some A G N m . 

Then v X v : N m — ► X® is an isomorphism of ordered sets. The elements of X° 
can be seen as monomials in the polynomial ring -f^[X] = K[X\, . . . ,X m ], where 
if is a field. Here, the identity element e of X° is identified with the monomial 1. 

Final segments and antichains. A final segment of an ordered set (S, <) is a 

subset F C S such that 

x<yAxeF^yeF, for all x, y G S. 

(Dually, I C S is called an initial segment if S\I is a final segment.) Given an 
arbitrary subset X of S, we denote by 

(X) := {y G S : 3x G X (x < y)} 

the final segment generated by X . We construe the set F(S) of final segments of S 
as an ordered set, with the ordering given by reverse inclusion. 

Example 1.2. Under the isomorphism in Example 1.1, final segments of N m cor- 
respond to ideals in the commutative monoid X°, that is, subsets I C X° such that 
vu G I for all u G I and v G 1°. Considering the elements of X* as monomials in 
a polynomial ring K [X] over a field K, the ordered set ^-"(N m ) becomes isomorphic 
to the set of monomial ideals of K [X] (that is, ideals of K [X] which are generated 
by monomials), ordered by reverse inclusion. 
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We write x\\y if x,y G S are incomparable, that is, if x ^ y and y j£ x. An 
antichain of S" is a subset ACS such that any two distinct elements x and y of 
A are incomparable. (For example, a generating set of a final segment F of S is a 
minimal generating set for F if and only if it is an antichain.) A subset C of £ is 
called a chain if the restriction of the ordering of S to C is total, that is, if for all 
x,y G C we have x < y or y < x. 

Noetherian orderings. An ordered set S is well-founded if there is no infinite 
strictly decreasing sequence x > x\ > ■ ■ ■ in S. We say that an ordered set 5* 
is Noetherian if it is well-founded and every antichain of S is finite. For example, 
every finite ordered set is Noetherian. Since every antichain of a totally ordered set 
consists of at most one element, a totally ordered set S is Noetherian if and only if 
it is well-founded; in this case S is called well-ordered. For every well-ordered set 
S there exists a unique ordinal number, called the order type o(S) of S, which is 
isomorphic to S. 

An infinite sequence Xo,x\,... in S is good if Xi < xj for some i < j, and 
bad, otherwise. (For instance, if {xo, x\, . . . } is an antichain, then xo,x\,... is 
bad.) The following characterization of Noetherian orderings is folklore; we omit 
the proof. (For the details, see, e.g., [3].) 

Proposition 1.3. The following are equivalent, for an ordered set S: 

(1) S is Noetherian. 

(2) Every infinite sequence x , x\, . . . in S contains an increasing subsequence. 

(3) Every infinite sequence xq,x\, . . . in S is good. 

(4) Any final segment of S is finitely generated. 

(5) (^(S), 3) is well-founded (i.e., the ascending chain condition with respect 
to inclusion holds for final segments of S). 

(6) Every total ordering on S which extends < is a well- ordering. □ 

The proposition immediately implies: 

Examples 1.4. Let S and T be ordered sets. 

(1) If there exists an increasing surjection S — > T, and S is Noetherian, then 
so is T. In particular: If S is Noetherian, then any ordering on S which 
extends the given ordering is Noetherian; if S is Noetherian and ~ is an 
equivalence relation on S which is compatible with the ordering of S, then 
S/~ is Noetherian. 

(2) If there exists a quasi-embedding S — > T, and T is Noetherian, then S is 
Noetherian. In particular, if T is Noetherian, then any subset of T with 
the induced ordering is Noetherian. 

(3) If S and T are Noetherian and U is an ordered set which contains both 
ordered sets S and T, then S U T is Noetherian. In particular, it follows 
that S II T is Noetherian. 

(4) If S and T are Noetherian, then so is S x T with the product ordering. 
Inductively, it follows that if the ordered set S is Noetherian, then so is S m 
equipped with the product ordering, for every m. In particular, for each 
m, the ordered set N m is Noetherian ("Dickson's Lemma"). 

For future use we also remark: 

Lemma 1.5. Let ip: S — > T be a map between ordered sets S and T, with S 
Noetherian. 
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(1) If ip is strictly increasing, then tp has finite fibers. 

(2) If ip is decreasing, and T is well-founded, then the image of <p is finite. 

Noetherianity of the set of monomial ideals. By Proposition 1.3, if S is Noe- 
therian, then the ordered set T(S) of final segments of S is well-founded. In general, 
it is not true that if S is Noetherian, then J-'(S) is Noetherian. A counterexample 
was found by Rado [37]. (Rado's example is indeed "generic" in the sense that a 
Noetherian ordered set S contains an isomorphic copy of this example if and only 
if J-(S) is non-Noetherian; see, e.g., [3].) We will now give a short proof of the 
fact that the ordered set JF(N m ) of monomial ideals is Noetherian. Here is a key 
observation: 

Lemma 1.6. T(S xT) = Deer (S, T(T)), for ordered sets S and T. 

Proof. For a final segment F e T(S xT) let ipp: S -> T{T) be defined by ip F (x) = 
{y ET : (x, y) € i* 1 } for x € S. It is straightforward to verify that p>p is decreasing, 
and F i— > ipp is an isomorphism T(S x T) -> Deer (S, JF(T)) . □ 

In particular, we have T(N m ) = Decr(N, ^(N™ -1 )) for m > 0. This fact allows us 
to analyze f(N m ) by induction on m; it also makes it necessary to take a closer 
look at decreasing maps N — > JT(N m_1 ). More generally, for any ordered set 5, 
let us use S(-) to denote the set Decr(N, S) of all infinite decreasing sequences 
s = (so, Si, . . . ) of elements So > Si > • • ■ of S, ordered component-wise (that is, 
by restriction of the product ordering on 5 N to £(-)). 

Proposition 1.7. I/S 1 is Noetherian, then so is S^-h 

Proof. The proof is inspired by Nash- Williams' proof [33] of Higman's Lemma 
(see Lemma 1.9 below): Suppose for a contradiction that S is Noetherian and 
s(°\ s^\ ... is a bad sequence in we write sW = (sq\ s^, . . . ). Every se- 

quence s = (soi si, . . . ) in S'(-) becomes eventually stationary; we let j(s) denote 
the smallest index j G N such that Sj = Sj+i = ■ ■ ■ . We may assume that the bad 
sequence is chosen in such a way that for every i, j(s^) is minimal among the j(s), 
where s ranges over all elements of with the property that s^ , s^ , . . . , s^" 1 ) , s 
can be continued to a bad sequence in We may further assume that there 

is an index io such that j'(s^) > for all i > io- Now consider the sequence 

Sq°\ Sq 0+1 \ ... in S. Since S is Noetherian, there exists an infinite sequence io < 
h <i 2 < ■■■ of indices such that s { n) < s^ 2) < • • • . Put t^ := (sf k \ s^ k \ . . . ) 
for all k > 0. It is now easily seen that then s^°\ . . . , s^ 1_1 \ t^ %1 \ t^ l2 \ ... is a bad 
sequence in S^-\ But j(t^) = j(s^) — 1, contradicting the minimality property 
of our original bad sequence. □ 

The ordered set .F(N) is clearly well-ordered (of order type w+1), hence Noetherian. 
This is the base case for an induction on m, which yields, using Proposition 1.7: 

Corollary 1.8. The set of monomial ideals in K[X\, . . . , X m ], ordered by reverse 
inclusion, is Noetherian, for any m. □ 

See [29] and [3] for other proofs of this result. The proof in [29] uses primary 
decomposition of monomial ideals in if [X]; the proof in [3] is based on Ramsey's 
Theorem. 
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Higman's lemma. In the following, wc will often make use of a fundamental fact 
due to Higman [20]. Let 5* be an ordered set. We define an ordering on the set S* 
of finite sequences of elements of S as follows: 

{there exists a strictly increasing func- 
tion^: {l,...,m}->{l,...,n} such 
that Xi < Uip(i) for all 1 < i < m. 

Lemma 1.9. (Higman.) If S is Noetherian, then the ordering <* on S* is Noe- 
therian. 

The equivalence relation ~ on S* defined by 

{m = n & there exists a permutation 
a of {1, . . . , to} such that Xi = y a{i) 
for all 1 < i < m 

is compatible with <*, and hence induces an ordering on S* := which we 

denote by <°. By Higman's Lemma, if (S, <) is Noetherian, then so is (S**,^*). 
For x = (xi, . . . , x m ) G S* wc denote by [x] = [xi, . . . , x m ] G S° the equivalence 
class of x, and we put \w\ — m for w = [x±, . . . , x m ] G S°. We may think of the 
elements of S* as non- commutative words in the alphabet S, and of the elements of 
S° as commutative words in S. Note that S 1 *, with concatenation of commutative 
words, is the free commutative monoid generated by 5*. 

Remark 1.10. We identify S with a subset of S* in a natural way. Let us call a 
total ordering < of 5° extending the ordering on S a term ordering if e < v and 
v < w sw < sw, for all v,w <E and s E S. Then, for w, w G 5°: 

v <° w ^==> v < w for all term orderings < of S° . 

This follows, e.g., from the Artin-Schreier theory of formally real fields applied to 
the quotient field of the monoid ring QfS'*]; see, e.g., [7], Proposition 1.1.10. In the 
case S = X = {Xi, . . . , X m } ordered such that X\ < ■ ■ ■ < X mi monomial ideals of 
K[X] whose corresponding final segment E G ^-"(N m ) is also a final segment with 
respect to <° are called strongly stable. 

Remark 1.11. If (S, <) is Noetherian, then so is any ordering on S° which extends 
<°. An important example is the multiset ordering on 5°, defined by 

_^ ( s = t, or for each i G {1, . . . , n} there 

\ exists j G {1, . . . , Z} with s m+i < t m+j , 

where we write s = [s\, . . . , s m+n ], t — [ti, . . . , t m+ i] with Si = ti for 1 < i < m and 
{s m+ i, . . . , s m+n }n{t m+ i, . . . , t m+ i} = 0. To show that s <° t s t we proceed 
by induction on m, the case m = being trivial. Suppose m > and s <* t. Then 
there exists an injective function ip: {1, . . . , m + n} — > {1, . . . , m + 1} such that 
Sfe < iip(fc) f° r all 1 < /c < m + n. Given i with 1 < i < n, we have to show that 
s m +i < t rn+ j for some j with 1 < j < I. Injectivity of ip implies that there exists 
r G N such that <p(m + i),ip 2 (m + i) = (p((p{m + z)), . . . , f r (m + i) G {1, . . . , to} 
and ip r+1 (m + i) > m. Hence j = to — ip r+1 (m + i) works. 

A generalization. The ideas used to establish Noetherianity of TiN™) above can 
be generalized somewhat to give a proof of the following fact: 

Proposition 1.12. Let S and T be ordered sets. If T{S) and T(T) are Noetherian, 
then T{S x T) is Noetherian. 
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Recall that for ordered sets S and T, we use Decr(S', T) to denote the set of all 
decreasing maps £ — > T, ordered point-wise: ip < ip if and only if ip(x) < tp(x) for 
all x G S. 

Lemma 1.13. Let S =/= be an ordered set. The following are equivalent: 

(1) For every Noetherian ordered set T, Decr(S l , T) is Noetherian. 

(2) For some Noetherian ordered set T with |T| > 1, Deci(S,T) is Noetherian. 

(3) Dccr(5,2) is Noetherian. (Here 2 = {0, 1} with < 1.) 

(4) J-(S) is Noetherian. 

Proof. The implication "(1) (2)" is trivial. For "(2) (3)", let T be a Noetherian 
ordered set with more than 1 element, such that Decv(S, T) is Noetherian. If T is an 
antichain, then so is Decr(5*, T). Hence Decr(S, T), and thus S, are finite. Therefore 
Decr(S', 2) is finite, hence Noetherian. If T is not an antichain, then there exists a 
quasi-embedding Decr(S', 2) — > Decr(5, T), showing that Deer (S, 2) is Noetherian. 
For "(3) (4)", note that for every F G ^(S), the function <^ F : S 1 -> 2 = {0, 1} 
given by 



(the characteristic function of S\F) is decreasing, and ipp < if and only F ^> G, 
for F,G e T(S). For "(4) => (1)", suppose that J 7 = .F(S) is Noetherian, and let 
T be a Noetherian ordered set. Then the image of every decreasing map S — > T is 
finite. (Lemma 1.5, (2).) For p € Decr(S', T) and y ET, the inverse image </? _1 (T !y ) 
of the initial segment T y = T \ (y) = {z G T : z ^ y} of T is a final segment of 5. 
We define a map 



as follows: Given p £ Deer (S,T) let j/i, . . . , y^ G T be the distinct elements of 
^(S 1 ); hence ip -1 ^) 2 ^ _1 ( T % ) if J/i > We put 



One checks easily that \& is a quasi-embedding, where (T x JF)° is equipped with 
the ordering <°. Since (T x JF)° is Noetherian, so is Decr(5, T), as desired. □ 

Remark 1.14. In [9], Lemma 2.12 it is shown that if S is Noetherian and T is 
well-founded, then Decr(S', T) is well-founded. 

Proposition 1.12 now follows from Lemmas 1.6 and 1.13. 



Here, we introduce certain ordinal numbers associated to Noetherian ordered sets, 
and establish (or recall) some fundamental facts about them. After some pre- 
liminaries concerning ordinal arithmetic we discuss the height of a Noetherian, or 
more generally well-founded, ordered set. We then define the type and width of 
a Noetherian ordered set S in terms of the heights of certain well-founded trees 
associated to S, and we state some of the basic relations between them. We relate 
another invariant (the minimal order type of S) with the height, and we compute 
the height of a certain modification of one of the trees associated with S. We finish 
by computing these invariants for the ordered set S — N"\ 




*: Dccr(5 , ,T) 



(T x 



*(<P)=[(.V1,<P- 1 (T V1 )) 



.,(yk,<p-HTv>))]- 



2. Invariants of Noetherian Ordered Sets 
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Natural sum and product of ordinals. We denote the class of all ordinal num- 
bers by On. We identify each ordinal with the set of its predecessors; thus a < (3 
is synonymous with a £ (3, for a,/?e On. The smallest infinite ordinal is denoted 
by uj. Any non-zero ordinal a can be expressed in the form 

a = lj~ i1 cii + w 72 a 2 + • • • + u ln a n , 

where 71 > 72 > • • • > 7« are ordinals and a\, . . . , a n £ N. If we require in addition 
that the a, are positive, then this representation of a is unique and called the 
Cantor normal form of a. The (Hessenberg) natural sum a © (3 of two ordinals 

(2.1) a = uo' n ai + uj 72 a 2 + ■ ■ ■ + u~' n a n 
and 

(2.2) /3 = cj 7i & 1 +^ 72 & 2 + ---+w 7 "6„ 
(where Oi, bj G N) is defined by 

a © (3 = w 7l (ai + 61) + w 72 (a 2 + b 2 ) + ■ ■ ■ + w 7 "(a„ + &„). 

In particular, we have © a = a © = a for all a e On. The operation © on On 
is associative, commutative and strictly increasing when one of the arguments is 
fixed: a < [3 a © 7 < (3 © 7, for all a, /3, 7 G On. It follows that © is cancellative 
(i.e., a©7 = /3©7=>a = /3). The natural product of ordinals a and (3 written as 
in (2.1) and (2.2) above, respectively, is given by 

The natural product, too, is associative, commutative, and strictly increasing in 
both arguments (hence cancellative). The distributive law for © and © holds: 
a © {(3 © 7) = (a ® (3) © (a ® 7). We refer to [5] for more information about the 
natural operations on On. Below, we will make use of the identity 

(2.3) a © (3 = sup{a' © + 1, a © /3' + 1 : a' < a, f3' < 0] 
for ordinals a, (3. 

Height functions. Let S be a well-founded ordered set. For a proof of the fol- 
lowing lemma see, e.g., [17], §2.7. By convention, sup0 := G On. 

Lemma 2.1. The following are equivalent, for a map h: S — > On: 

(1) h is strictly increasing, and if h' : S — > On is a strictly increasing map, then 
h(x) < h'(x) for all x G S. 

(2) h is strictly increasing, and h(S) is an initial segment of On. 

(3) h(x) = sup{/i(y) + 1 : y < x} for all x € S. 

There exists a unique function h = hts ■ S — ► On satisfying the equivalent condi- 
tions of the lemma. If S is clear from the context, we shall just write ht for hts- 
The ordinal ht(x) is called the height of x in S, and the image 

ht(S) = sup{ht(a;) + 1 : x G 5"} G On 

of S under ht is called the height of the well-founded ordered set S. The height 
of S is the smallest ordinal a such that there exists a strictly increasing function 
S — ► a. Equivalently: 

(2.4) ht(S') = sup{o(C) : CCS chain}. 
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In particular, if S is well-ordered, then the height ht(S') of S agrees with the order 
type o(S) of S, and the height function ht: S — > ht(5) is the unique isomorphism 
S-»o(S). 

Lemma 2.2. Let S and T be non-empty well-founded ordered sets. 

(1) If there exists a strictly increasing map S — > T ', then ht(S) < ht(T). 

(2) ht(5nr) = max(ht(5 , ),ht(T)). ' 

(3) ht 5xT (s, t) = ht s (s) 8 ht T (i) for all s e S,teT. 

(4) max(ht(S),ht(T)) < ht(S x T) < ht(S) © ht(T). 

Proof. Part (1) follows immediately from (1) in the previous lemma. Part (2) is 
obvious. For a proof of (3) and (4) see [17], 4.8.3. □ 

The following lemma will be used in Section 3 below. Let us call a map ip: S — > T 
between ordered sets S and T non- decreasing if x < y => <p(x) }t <p(y), for all 
x, y G S. (So if T is totally ordered, then non-decreasing is equivalent to strictly 
increasing.) 

Lemma 2.3. Let S be a well-founded ordered set. The following are equivalent, 
for a strictly increasing surjection h: S — > T , where T is a well-ordered set: 

(1) ht s = ht T oh. 

(2) For every ordered set T' and strictly increasing map hi : S — > T' there exists 
a non- decreasing map ip: T — > T' such that ip o h < h' . 

(3) For every totally ordered set T' and strictly increasing map h' : S — > T' 
there exists a strictly increasing map ip : T — > T' such that ip o h < h! . 

Given strictly increasing surjections h: S — > T and h' : S — > T 1 satisfying these 
conditions, with totally ordered sets T and T' , there exists an isomorphism ip: T — > 
T' such that hi = ip o h. 

Proof. For (1) (2), suppose hts — htr °h, and let T 1 be an ordered set, hi ' : S —> 
T' strictly increasing. Then hty oh' is strictly increasing, hence htr °h = htg < 
htr' oh', and ht(S') = htr(h(S)) is an initial segment of the range of htr' oh'. We let 
i denote the natural inclusion ht(5) ^ (ht T ' oh')(S). For y e ht(T') let ht^}(y) G 
T' denote the smallest x G T' such that htT'( x ) = y. Then htr' (ht^, (y)) = y 
and hty, 1 (ht T / (x)) < x for all x G T", y G ht(T'). The map V = ht^ 1 ot o ht T is 
non-decreasing and satisfies ip(h(s)) < h'(s) for all s G S as required. 

The implication (2) => (3) is trivial. Suppose that h satisfies (3). Then for 
every strictly increasing function h' ' : 5 — > On there exists a strictly increasing map 
ip: T On such that i/io/i < ft'. Hence ip' = ip o ht^ 1 is a strictly increasing 
embedding of the ordinal ht(T) into On with ip' o (htr < h'- Since ^'(tt) > a 
for all ordinals a < ht(T), it follows that htr °h < hi . Hence ht^ oh = hts. 

For the second part, let T and T' be totally ordered sets, and let h: S — > T 
and h' : S — > T" be strictly increasing surjections satisfying these equivalent con- 
ditions. Then htr oh = htg = lity/ o/i', hence /i' = ip o h for the isomorphism 
p> = ht T } oht T : T -> T'. □ 

Trees. A tree on a set [/ is a non-empty final segment T of ([/*, □). (Recall that 
a □ 6 6 is a truncation of a.) The empty sequence £ is the largest element 
of a tree T on U, called the root of T. The elements of T are called the nodes of 
the tree T, and the minimal elements of T are called the leafs of T. Given a node 
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a = (ai, . . . , a n ) of T, we denote by T a the tree 

T a := {bEU* :abe T} , 

called the subtree of T with root at a. Let S be a tree on U and T a tree on V. A 
map (p: S — > T is called length-preserving if length(</?(s)) = length(s) for all s£S. 
Any increasing length-preserving map S — > T is strictly increasing, and the image 
of 5 is a tree on V. Moreover: 

Lemma 2.4. for a map ip: S T, the following are equivalent: 

(1) ip is increasing and length-preserving. 

(2) ip(e) = e, and for all s 6 S, a there exists b e V with ip(sa) = <p(s)b. 

Given a map <p: U — > V we obtain an increasing length-preserving map U* — > V*, 
also denoted by <p, by setting 

<p(ai, . . . , On) := (ip(ai), . . . , <£>(a n )) for a\, . . . , a n G U. 

Rank of a well-founded tree. Let T be a well-founded tree on a set U. Then 
ht(T) = ht(e) + 1. (Recall that e is the root of T). We call the ordinal ht(e) the 
rank of the tree T, denoted by rk(T). Hence rk(T) = if and only if T = {e}, and 
ht(a) = rk(T a ) for any a G T. Also note that 

(2.5) rk(T) = sup{ht((a;)) + 1 : x e U, (x) e T}. 

Every tree V on U with T C T is well-founded with rk(T') < rk(T). More 
generally: 

Lemma 2.5. Let 5 1 , T be trees on U and V, respectively. If T is well-founded, 
then the following are equivalent: 

(1) S is well-founded with rk(S) < rk(T). 

(2) There exists a length-preserving increasing map S — > T. 

(3) There exists a strictly increasing map S — > T. 

Proof. For a proof of "(1) => (2)" see, e.g., [21], (2.9). The implication "(2) => (3)" 
is trivial, and "(3) => (1)" follows from part (1) of Lemma 2.2. □ 

Invariants of Noetherian ordered sets. Every Noetherian ordered set S is well- 
founded, hence has a certain height ht(S'). Following [26], we now introduce two 
other ordinal- valued invariants associated to every Noetherian ordered set S, called 
the type and the width of S. Together, they measure the complexity of S. First, 
for an ordered set S we define the following trees on S: 



Dcc(S) 


:={(*!,■ 


• , *„) G S* 


Si > Sj for all 1 < i < j < 


n}, 


Ant(S) 


:={(*!,■ 


■ j s n ) G S* 


Si Sj for all 1 < i < j < 


n}, 


Bad(S) 


:={(«!,- 


■ , s n ) G 5* 


Si ^ Sj for all 1 < i < j < 


n}. 



We call 060(5") the tree of decreasing sequences of S, Ant(«S) the tree of antichains 
of S, and Bad(S') the tree of bad sequences of S. Note that S is well-founded if 
and only if Dec^) is well-founded, and ht(S') = rk(Dec(S')). The tree Ant (5) is 
well-founded if and only if every antichain of S is finite, and S is Noetherian if and 
only if Bad(S') is well-founded. For any quasi-embedding ip: S — > T of Noetherian 
ordered sets we have (p(knt{S)) C Ant(T) and ip(Bad(S)) C Bad(T). 

Definition 2.6. Let S be a Noetherian ordered set. Then 
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(1) wd(S) := rk(Ant(5)) is called the width of 5, and 

(2) o(5) := rk(Bad(5)) is called the type of 5. 

If the ordering on 5 is total (i.e., 5 is well-ordered) then Dec(5) — Bad(5), hence 
rk(Bad(5)) is the order type of 5, justifying our choice of notation. Note that 

(2.6) ht Ant(s) (s) = wd(S^) for a £ Ant(5), 
where S^ s := {y £ 5 : y\\s l for all i} for s = (si, . . . , s n ) £ 5*, and 

(2.7) ht Bad(S ) (s) = o(S* s ) for s £ Bad(S), 

where S^ s := {y £ 5 : y ^ Sj for all i} for s = (si, . . . , s„) £ 5*. 

Characterization of height and type. The height and the type of a Noether- 
ian ordered set allow important reinterpretations. Recall that any total ordering 
extending a Noetherian ordering is a well-ordering, cf. Proposition 1.3. 

Theorem 2.7. Let S be a Noetherian ordered set. 

(1) There exists a total ordering on S extending the given ordering of maximal 
possible order type; this order type equals o(S). (De Jongh-Parikh [12].) 

(2) There exists a chain of S of maximal possible order type; this order type 
equals ht(S). (Wolk [49].) 

Because of (1), the type of a Noetherian ordered set S is sometimes also called the 
maximal order type of S. The width of S is finite if and only if there is some n such 
that every antichain in S has size < n; the smallest such n is wd(S'). In this case, S 
is a union of wd(5) many chains (Dilworth [14]). In general (i.e., for infinite width), 
no characterization of the width similar to (1) or (2) in the theorem above seems 
to be known. (See [26], p. 77.) We refer to [1], [36] for discussions of Dilworth's 
Theorem in the case of infinite width.) 

Basic facts about type and width. We record some basic properties: 

Proposition 2.8. Let S and T be Noetherian ordered sets. 

(1) o(S) = sup{o(S^ x ) + 1 : x £ S). 

(2) // there exists a quasi- embedding S — > T, then o(S) < o(T). (In particular 
ifSCT, theno(S) < o(T).) 

(3) // there exists an increasing surjection S — > T, then o(S) > o(T). 

(4) o(S II T) = o(S) © o(T) and o(S x T) = o(S) ® o(T). 

Proof. Part (1) follows from the identities (2.5) and (2.7), and part (2) from 
Lemma 2.2, (1) and the remarks preceding Definition 2.6. For (3) suppose that 
(p : S — > T is an increasing surjection. For every t £ T choose ip(t) £ S with 
<p(ip(t)) = t. If (ti, ...,t n ) £ Bad(T) then (ip(ti), ip{t n )) £ Bad(S), so V in- 
duces an increasing and length-preserving map Bad(T) — > Bad(5). Hence o(T) = 
rk(Bad(T)) < rk(Bad(S)) = o(S) by Lemma 2.2, (1). For a proof of (4) sec [12] or 
[26]. □ 

The computation of 0(5), for a concrete given Noetherian ordered set 5, is often 
quite hard; see, e.g., [40]. In Section 4 we will bound the maximal order type of 
the Noetherian ordered set of monomial ideals. 

Proposition 2.9. Let 5 and T be Noetherian ordered sets. 
(1) wd(5) = supjwd^H*) + 1 : x £ 5}. 
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(2) If there exists a quasi- embedding S — > T , then wd(5) < wd(T). [In partic- 
ular if S CT, then wd(S) < wd(T).) 

(3) // there exists an increasing surjection S — > T, then wd(5) > wd(T). 

(4) wd(S II T) = wd(5) © wd(T). 

Proof. Part (1) follows from (2.5) and (2.6), and part (2) again from Lemma 2.2, (1). 
The proof of (3) is similar to the proof of Proposition 2.8, (3). Part (4) is shown by 
induction on wd(5) © wd(T): Since (S IIT)H X = S^ x II T if x G 5" and (STfT)" 2 = 
£ XI T^ x if x G T, we get from part (1) 

wd(S H T) = sup{wd(S llx H T) + 1, wd(S H T ll2/ ) + 1 : x G 5, y G T}, 

and so by inductive hypothesis and (2.3) we obtain wd(5 II T) = wd(5) © wd(T) 
as desired. □ 

A formula for the width of a x (3 ordered component-wise, where a and (3 are 
ordinals, can be found in [1], and a formula for the width of S x T ordered lexico- 
graphically, for Noetherian ordered sets S and T, in [2]. 

Connections between the invariants. Height, width and type are related by 
the following fundamental inequality: 

Proposition 2.10. (Height- Width Theorem, [26].) Let S be a Noetherian ordered 
set. Then 

o(S) < ht(S)<8>wd(S). 

This generalizes the well-known fact that a finite ordered set with at least rs + 1 
elements contains a chain with r + 1 elements or an antichain with s + 1 elements. 

Proof. Since we will need a similar idea below (Lemma 2.19), we sketch the proof of 
Proposition 2.10. Let g = htA n t(S) be the height function of the tree of antichains 
of S, and define h: Bad(S') \ {e} -> wd(S) by 

h(s 1 , . . . ,s„) := 

mm{g(s il ,. . . , s im ) : 1 < h < ■ ■ ■ < i m = n,ht(s il ) < • • • < ht(s im )} 
for (si, . . . , s n ) G Bad(5), n > 1. It is easy to see that f(e) := e and 

/(si,...,s„) := 

((ht(si), h(si)), (ht(s 2 ),h(si, s 2 )), ■ ■ ■ , (ht(s„), h(si, s n ))) 

defines a strictly increasing map /: Bad(S) — > Bad(ht(5) x wd(S')). Hence 

o(S) < o(ht(5) x wd(5)) = ht(S) <S> wd(S) 

by Lemma 2.5 and Proposition 2.8 (4). □ 

The following proposition connects the type of a Noetherian ordered set S with the 
height of the well-founded ordered set (^(S), ~D) of its final segments: 

Proposition 2.11. (Bonnet-Pouzet [8].) For every Noetherian ordered set S, 

ht(T(S)) =o(5) + l. 

Let us outline the main idea of the proof of this fact. First we note that Proposi- 
tion 2.11 is a consequence of the following lemma, the characterization (2.4) of the 
height, Theorem 2.7 (1), and the fact that ht(.F(Q!)) = a + 1 for any ordinal a. 
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Lemma 2.12. Let (S,<) be an ordered set. The assignment <' i— ► 3~(S,<') is a 
one-to-one correspondence between the total orderings <' on S extending < and the 
maximal chains of the ordered set (J-(S, <), 3) . 

It is easy to verify that the map in the lemma is well-defined, and it is clearly 
one-to-one. Now let C be a maximal chain of J-{S, <). Define a binary relation <c 
on S by x <c y : < ^=> every F G C which contains x also contains y. The main work 
consists in establishing that for any two distinct elements x ^ y of S for which 
there exists F € F(S, <) with x G F, y £ F, there exists G eC with x G G, y £ G. 
(For the details see [8].) From this it is straightforward to check that <c is a total 
ordering on 5* extending <, and T{S, <c) = C. 

Height and minimal order type. Let (S, <) be a Noetherian ordered set. Then 
there is a smallest ordinal a such that < has an extension to a well-ordering on S 
of order type a. We call a the minimal order type of S, denoted by o*(S). We 
show here that this ordinal agrees with the height of S if ht(5) is a limit ordinal, 
and differs from the height of S at most by a finite ordinal otherwise. (This was 
observed in [40], p. 8-10.) In the first case we also show how to obtain an extension 
<* of < to a well-ordering of S of order type o*{S). This will all be based on the 
following observation: 

Lemma 2.13. The height function ht: S — > ht(S') has finite fibers. 

Proof. By Lemma 1.5, (1) and the fact that ht is strictly increasing. □ 

Let now <' be any extension of < to a well-ordering on S. Define a binary relation 
<* on S by 

(2.8) x<*y » (U{x),x) < lex (ht(i/),y). 

Here <i ox denotes the lexicographic product of the ordering of ht(S') and <', that 
is, 

(a, x) <i ox {(3, y) a < (3 or (a — (3 and x <' y), 

for all a,[3 < ht(S) and x,y G S. It is straightforward to check that <* is an 
extension of < to a well-ordering of S. We denote the height function of (S, <*) by 
ht*: S -> ht*(S). 

Lemma 2.14. For all x e S, ht*(x) < ht(x) +w. 

Proof. By transfinite induction on a = ht(x). If a — 0, then x is one of the finitely 
many minimal elements of (S, <). Hence there are only finitely many y e S with 
y <* x, hence ht*(x) < u>. For the successor case, suppose that ht(x) = a + 1, 
and choose y < x with ht(y) — a. There are only finitely many elements y = 
2/o <* 2/i <* • • • <* Vm = x oi S which lie between y and x in the ordering <*. 
So ht*(x) = ht*(y) + to, and by induction we get ht*(y) < ht(y) + u) = a + u>. 
Hence ht*(x) < (a + 1) + u = ht(x) + u). Now suppose that a is a limit ordinal. 
Let xq <* x\ <*•••<* x n — x be the elements of height a which are <* x; so 
ht*(x) = ht*(xo) + n. We have ht(y) < ht(x) for all y G S with y <* xo, hence 
ht*(y) < ht(y) +u> < ht(x) by inductive hypothesis and since ht(x) = a is a limit 
ordinal. Therefore 



ht*(x ) = sup{ht*(y) + 1 : y <* x } < ht(x), 
and hence ht*(x) < ht(x) + ui as required. 



□ 



16 



MATTHIAS ASCHENBRENNER AND WAI YAN PONG 



Corollary 2.15. 

(1) Ifht(S,<) is a successor ordinal, then 

ht{S, <) < o*(S, <) < o(S, <*) < ht(S, <) + w. 

(2) Ifht(S, <) is a limit ordinal, then 

o*(S,<) = o(S,<*) = ht(S,<). 

□ 

In Section 4 we will apply this corollary in the following situation: Suppose that S 
is a Noetherian ordered set with a largest element So whose height ht(s ) is a limit 
ordinal. Then the Noetherian ordered set So = S \ {s } has height ht(so). By part 
(1) of the corollary, it follows that o*(So) ~ ht(so) and hence S has minimal order 
type o*(S) = ht(s ) + 1 = ht(S'). 

Total orderings of monomials. As an illustration for the material in this section, 
we now compute the invariants ht, o, wd, and ht* for the Noetherian ordered set 
N rn , and hence for the set of monomials in the polynomial ring K[X±, . . . , X m ] over 
a field K, ordered by divisibility (see Example 1.1). It is convenient to consider, 
slightly more generally, Noetherian ordered sets of the form N m x 5*, where S is a 
finite non-empty ordered set. 

Lemma 2.16. Let S be a finite non-empty ordered set and m > 0. Then 

ht(N m xS)=lu, o(N m x S) = cj m \S\, ht*(N m xS)=lj. 

Proof. The function (y, s) \v\ + ht5(s): N m x S — > N is strictly increasing. 
Hence ht((V,s)) = \v\ +ht s (s) for all (u, s) G N m x S, and ht(N m x S) = w. By 
Corollary 2.15, (2) this yields ht*(N m x S) = w. By Proposition 2.8, (4) we get 
o(N m x S) = o(N m ) ® o(S) = Lu m \S\. □ 

The lexicographic ordering < lox on N m is an example for a total ordering of N m 
extending the product ordering < and having maximal order type. Given any total 
ordering <' on N m extending <, we obtain a total ordering <* on N m of minimal 
order type u> extending <, as shown in (2.8): 

v <* [i \v\ < or |^| = \fi\ and v <' fi. 

For <'=<ic X (the lexicographic ordering of N m ) the ordering obtained in this way 
is commonly called the degree-lexicographic ordering of N m . Orderings of the form 
<* are called degree- compatible. In applications, one is usually interested in total 
orderings <' extending < which are semigroup orderings, that is, which satisfy the 
condition 

v<'fJ,=^v + X<'fi + X for all N m . 

A total semigroup ordering on N m extending < is called a term ordering. Via the 
usual identification of N m with AT°, term orderings on N m hence correspond to term 
orderings on 1° (as defined in Remark 1.10) where X = {X\, . . . , X m } carries the 
trivial ordering. The lexicographic and degree-lexicographic orderings of N m are 
term-ordcrings. A complete description of all term orderings on N m is available 
(see [38] or [48]): For any such ordering <' there exists an invertible m x m- matrix 
A with real coefficients such that 

(2.9) v < ' n Av < lcx Afi for all s,t€S,v,(j,€ N m , 
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where <i ex denotes the lexicographic ordering on R m . Conversely, any matrix 
A e GL(m, R) satisfying Aa >i ox for all i = 1, . . . , m (where e, denotes the 
i-th unit vector in R m ) gives rise to a term ordering <' on N m , via (2.9). In 
particular, the order types of term orders on W n are the ordinals of the form ui k 
with 1 < k < to. There are only m! many different term orderings of maximal 
order type u m on N m (obtained by choosing permutation matrices for A), and for 
each 1 < k < m there are continuum many term orderings on N m with order type 
Lu k . (See [30].) 

More generally, a ranking of N m x S, where S is a finite non-empty set, is a total 
ordering of N m x S which extends the product ordering on N m x S (where S is 
equipped with the trivial ordering) and satisfies 

(is, s) < (fj,, t)=>{v + A, s) < (p + A, t) for all is,fi,\e N m . 

Rankings play a role in algorithmic differential algebra (e.g., in the theory of 
Riquier- Janet bases) similar to the role played by term orderings in ordinary al- 
gorithmic algebra (in the theory of Grobner bases), see [23], [39]: the elements 
(v, i) of W n x {1, . . . , n} correspond to the derivatives d^y l /dX^ 1 ■ ■ ■ dX"™ , where 
y , . . . , y n are differential indeterminates over a differential ring with m commut- 
ing derivations d/dX\, . . . ,d/dX m . Rankings also naturally arise when Grobner 
basis theory is generalized to finitely generated free modules over see [16], 

Chapter 15. We refer to [39] for a (rather involved) classification of rankings which 
extends the one of term orderings described above. It would be interesting to 
determine the possible order types of rankings from this classification. 

We now turn to the width of N m x S. By the Height- Width Theorem 2.10 we 
have wd(N m x S) > u™- 1 ^, since ht(N m x S) = w and o(N m xS) = uj m \S\. We 
will show: 

Proposition 2.17. wd(N m x S) = u} m ~ 1 \S\, for allm> and all finite non-empty 
ordered sets S. 

In the proof, we will use the following lemma. 

Lemma 2.18. Let Ti, . . . ,T m be well-ordered sets, T = 7\ x • • • x T m . Then, for 
any a = (ai, . . . , a m ) e T: 

wd(T l|a ) = 0wd(Tf iai x • • • x T^" am ), 

e 

where the sum runs over all e — (e±, . . . ,e m ) G {<, >} m such that for some i,j, we 
have Si = < and ej = >. 

Proof. By (2.6), the fact that 

T \\a = JJ^eiai x ... x J%«™ ; 

e 

and Proposition 2.9, (4). □ 

In order to prove Proposition 2.17, it suffices to show wd(N m xS)< LJ m ~ 1 \S\, for 
all m > and finite ordered sets S ^ 0. We proceed by induction on to. Note 
first that if M ^ is an ordered set, then we have a natural quasi-embedding 
ofMxS into M II • • • II M (\S\ many times); hence if M is Noetherian, then 
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wd(M x S) < wd(M)\S\. Taking M = N this yields wd(N x S) < \S\, and hence 
the base case m = 1 of our induction. Now suppose m > 1. With T = N m , we have 

wd(T) = sup{wd(Tll a ) + 1 : a G T}. 

Let e — (ei, . . . ,e m ) G {<, >} m be such that for some we have Ei — < and 
ej = >, and let a = (ai, . . . , a m ) G N m . For b G N, if e = <, then N eh is finite, 
and if e = >, then W b ^ N. It follows that W iai x • • • x N £ " flm = x (7 
for some 1 < k < m and some non-empty finite ordered set U. By induction 
wd(N eiQl x- • -xN e " am ) < to k - 1 \U\. By the lemma, this yields wd((N m )H a ) < u/™" 1 
and thus wd(N m xS)< wd(N m )|5| < u" 1 - 1 ^] as desired. □ 

A variant of the tree of antichains. Let S be a Noetherian ordered set. In 
Section 4, we will need a variant of the tree of antichains Ant(5) of 5*. For this, we 
fix a total ordering <' extending the ordering < of S. We define a tree 

Ant<'(S*) := {(si, . . . , s n ) G S* : Sj || Sj and Sj <' Sj for all 1 < i < j < n} 

on S, an ordered subset of the tree Ant (5) of antichains of S. We clearly have 
rk(Ant</ (>!?)) < rk(Ant(5)) = wd(5), and we conjecture that in general, the reverse 
inequality is also true. Here, we confine ourselves to showing: 

Lemma 2.19. rk(Ant</(N" l x5)) =w m - 1 \S\for any finite non-empty ordered set 
S and total ordering <' on W n x S of order type u> extending the product ordering. 

This follows immediately from Proposition 2.17 above and the following fact: 

Lemma 2.20. o(S) < o{S, <') <g> rk(Ant</(S')), for any Noetherian ordered set 
(S, <) and any total ordering <' extending <. 

Proof. Put a = rk(Ant<'(5)) . Let g = htAnt < /(5') be the height function of 
Ant</(5). Define h: Bad(5) \{e] ^ a by 

h(si, ...,s n ):= 

min{g(s Jl , . . . ,s im ) : 1 < h < ■ ■ ■ < i m = n, s n <'■■■<' s im }, 
for (si, . . . , s n ) G Bad(5), n > 1. Then /(e) := e and 

/(si, ...,s n ):= ((si, ft(si)), (s 1 ,h(s 1 ,s 2 )) , . . . , (s n , h(s 1: s n ))) 
defines a strictly increasing map 

/: Bad(S) -» Bad((S,<') x a). 
Hence o(5) < o((S, <') x a) = o(S, <') ® a. □ 

3. The Ordered Set of Hilbert Polynomials 

In this section we discuss the sets of Hilbert and Hilbert-Samucl polynomials of 
finitely generated graded AT-algebras (where K is a field) as ordered sets, with the 
ordering given by the relation of eventual dominance. Macaulay's Theorem on the 
possible Hilbert functions of such if-algebras will play an important role. We begin 
by recalling this theorem and some of its consequences, in particular a description 
of all Hilbert-Samuel polynomials of finitely generated graded JT-algebras. This 
description will be used to give an interpretation of the height function on TiW 11 ) in 
terms of the coefficients of the Hilbert-Samuel polynomial. We give two applications 
concerning increasing chains of ideals in polynomial rings. 
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Integer-valued polynomials. Recall that a polynomial f(T) £ Q[T] (in a single 
variable T) is called an integer-valued polynomial if f{s) is an integer for all s £ N. 
For example, 

^= r(r -"--.|' r - j + 1) eOm Ue«) 

is integer- valued. The polynomials ( T i fi ) (for i £ N) form a basis for the Z- 
submodule of Q[T] consisting of the integer-valued polynomials. In other words, 
every non-zero integer- valued polynomial f(T) £ Q[T] can be uniquely written in 
the form 

with bo,. . . ,bd £ Z, bd ^ 0. We totally order the integer-valued polynomials by 

dominance: if f(T) = ^f =0 kCt*) and f( T ) = £j=o C J C~j j ) with b ^ c i G Z ' then 

f{T)<g(T) » /(a) < for all > 

(6 d , . . . , 6 ) <i cx (cd, Cd-i, ■ • • , c ) in Z d+1 . 

With this ordering, the ring of integer-valued polynomials becomes an ordered 
integral domain. 

Hilbert polynomials of homogeneous ideals. In this section, K denotes a field. 
Let I be a homogeneous ideal of a polynomial ring K[X) = K[Xi, . . . , X m ] over K; 
that is, the ideal I is generated by homogeneous elements of positive degree. Then 
as a K- vector space, R = K [X] /I has a direct-sum decomposition R = R (BRi®- • ■ 
given by 

R s := {/ + 1 £ R : f £ K[X] has total degree s). 

This decomposition makes R into a graded K -algebra: we have Ro = K and R s -Rt C 
R s +t for all s,t. Each component i? s is a finite-dimensional vector space over K. 
The function Hj : N — > N defined by Hj(s) = dim^ i? s is called the Hilbert function 
of /. There exists an integer-valued polynomial Pj of degree < m (the Hilbert 
polynomial of 7) such that s Pi( s ) agrees with s Hi(s) for sufficiently large 
s. The degree of Pi is one less than the Krull dimension of the ring R. (See, e.g., 
[16], Corollary 13.7.) If I = (1) is the unit ideal in K[X], wc put £Tj(s) = for all 
s and Pi = 0. As usual the degree of the zero polynomial is degO := — 1. 

For a final segment of N m , we call -ffg := Hj E and := Pj E the Hilbert 
function and Hilbert polynomial of £7, respectively, where Ie Q Q[X] is the mono- 
mial ideal corresponding to E. Given any final segment E of N m , let us write 
Ve := N m \ E for the complement of E in N m (an initial segment of N m ). We then 
have H E {n) = \V E , n \ for all n, where Z n := {z £ Z : \z\ = n) for Z C N m . 

Macaulay's Theorem. A classical theorem of Macaulay characterizes exactly 
those functions / : N — > N which arise as Hilbert functions of homogeneous ideals 
I C if [A]. Before we state Macaulay's Theorem, we have to introduce some more 
notation. (As a general reference for this material, we recommend [11], Chapter 4.) 
Given an integer d > 1, every positive integer a can be written uniquely in the form 

a-d\ f a d -i\ . + 
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where ad > a-d-i > • ■ • > ai > 0. This sum is called the d-th Macaulay representa- 
tion of a, and (a<j, . . . , fli) are called the d-th Macaulay coefficients of a. We have 
a < b if and only if (a^, . . . , a\) <i ox (bd, ■ ■ ■ , b\). We define 

'a d + 1\ / a d _i + 1\ /ai + T 

d+l) + \(d-l) + l) U + l 

and 0^ := 0. We have (for a proof see [11], p. 162): 

Theorem 3.1. (Macaulay, [28]) Let /: N — > N. T/ie following are equivalent: 

(1) TTiere exists a homogeneous ideal I C ifLY] wrf/i Hj = f. 

(2) We /iave /(l) = ra, and i/ M„ denotes the set of the first f(n) elements 
of N m 0/ degree n, in the lexicographic ordering, then M = Un<=N ^ n * s an 
initial segment ofW n . 

(3) /(0) = 1, /(l) = m, and /(n + 1) < /(n)<"> /or aH n > 1. 

A final segment £7 of N m is called a lex-segment of N m if for every n the set 
E n = {e E E : \e\ = n} oi elements of E having deg ree n is a final segment of (N m ) n 
under the lexicographic ordering. (This terminology is used slightly differently in 
[11].) If M is as in statement (2) of the theorem, then clearly N m \ M is a lex- 
segment of N m with Hilbert function /. 

The zero ideal of K[X] = K[X U ...,X m ] has Hilbert polynomial ( T +™7 1 ). The 
following characterization of Hilbert polynomials of non-zero ideals is well-known: 

Corollary 3.2. A polynomial P(T) G Q[T] is a Hilbert polynomial of some non- 
zero homogeneous ideal of K[X] = K[X\, . . . , X m ] if and only if 

for certain integers m — 1 > a\ > a 2 > • • • > a s > 0, with s > 1. 

Proof. Let I C /T[X], J ^ (0), be a homogeneous ideal with Hilbert function 
/ = Hj and Hilbert polynomial P. Macaulay's Theorem implies (see [11], Corol- 
lary 4.2.14) that there exists an integer no G N such that f(n + 1) = /(n)^ for all 
n > n . We have f(n) = P(n) for all n > n : Let 

be the no-th Macaulay representation of /(no), and j > 1 minimal with cj > j, so 
c no > c„ _i > • • • > Cj > j > 1. Then for n = no + fc with k > 0: 



n + aA /n + a 2 - 1\ /n + a a - (s - 1) 

ai / V a 2 / V a s 

where a„ _i+i = c, — i for i = j, . . . , no, and s = no — j + 1 > 0. We have 
ai = deg P = dim 7—1 < m — 1, and hence m — 1 > a\ > ■ ■ ■ > a s > 0. Conversely, 
suppose P(T) is an integer-valued polynomial in the form given in the corollary; 
we may assume P ^ 0. For n > s 

n + a A (n + a 2 — l\ /n + a s — (s — 1) 

n-(s-l) 



.. . 



ORDERINGS OF MONOMIAL IDEALS 



21 



with n + ai > n + 02 — 1 > ••• > n + a s — (s — 1) > is the n-th Macaulay 
representation of P{n). Hence P(n+1) = P{n)^ for all n > s. The n-th Macaulay 
coefficients of (™ + ™~ ) arc (n + m — 1, 0, . . . , 0). Since s + a\ < s + m— 1 it follows 
that P(n) < for all n>s. Define / : N -» N by /(n) = for n < s 

and f(n) = P(n) for n > s. Then /(n + 1) < /(n)<"> for all n. Moreover, if s > 1, 
then /(l) = m, and if s = 1, then /(l) = a\ + 1 < m. By Theorem 3.1 it follows 
that there exists a homogeneous ideal I C if [X], 7 ^ (0), with f = Hj, and hence 
P = P 7 . □ 

The integers ai , . . . , a s describing a Hilbert polynomial P as in the corollary are 
uniquely determined by P. For a homogeneous ideal I of K [X] let 

no CO := min{n G N : + 1) = ifj(n)< n> for all n > n }. 

If S is a lex-segment, then tio(Ie) agrees with the largest degree of a minimal 
generator of E, see [11], Corollary 4.2.9. Note that given a Hilbert polynomial P 
of a non-zero homogeneous ideal as in (3.1), the integer 

<p(P) := min{n (I) : I C if [X] homogeneous ideal with Pj = P} 

coincides with s. (By the proof of Corollary 3.2.) We put ip(I) := <p(Pi) for any 
non-zero homogeneous ideal / of We have Hj(n) = Pi(n) for all n > 

We also note: 

Corollary 3.3. Let P(T) e Q[T] and degP < m - 1. 7/P is tte Pi/6ert po/yno- 
mia^ o/ some non-empty final segment of N" (/or some n), i/ien P is the Hilbert 
polynomial of some non-empty final segment ofW n . □ 

The ordered set of Hilbert polynomials. Let us write 

H m := {H E : E e T(N m )} 

for the set of Hilbert functions of final segments of N m , and put H := (J TL m - We 
consider H as an ordered set via the product ordering: 

H E < H F :<S=^> 7f E (s) < H F {s) for all s. 

We have a strictly increasing surjection 

(T(W n ),D)^Hm.E^H E . 

Hence by Corollary 1.8: 

Corollary 3.4. The ordered set TL m is Noetherian. □ 

Remark 3.5. In fact, the ordered set H is also Noetherian. This can be shown using 
Nash- Williams' theory of "better-quasi-orderings" , see [3]. 

We write 

V m := {Pe :EeT{W n )} 
for the set of Hilbert polynomials (of final segments of W n ) 1 and V := (J V m . We 
totally order V via the dominance ordering -<. Clearly He < Hp Pe di Pf, so 

Um -^V m : H E i-> Pe 

is an increasing surjection. A variant of the following fundamental fact has first 
been proved by Sit [42] using different methods: 
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Corollary 3.6. The dominance ordering on the set V of Hilbert polynomials is a 
well-ordering. 

Proof. By Corollary 3.4 and the preceding remarks, V m is well-ordered, for every 
m. Moreover, the leading coefficients of polynomials P, Q G P are positive, so 
if degP < degQ, then P -< Q. This implies that for every decreasing sequence 
Pq y P\ y ■ ■ ■ in V there exists some m such that Pi G V m for alH 3> 0, and hence 
Pi = Pi + i for all i>0. This shows that V is well-ordered. □ 

The following will be used in [4]: 

Corollary 3.7. IfP,QeV then P + Q G V M where M = max{deg P, deg Q} + 2 
and P ■ Q G Vn where N — (degP + 2)(degQ + 2). (In particular, V is a sub- 
semiring of the ring of all integer-valued polynomials.) 

Proof. By Corollary 3.3 we have P = Pi and Q = Pj for non-zero monomial ideals 
J C Q[X] and J C Q[Y], where X = {X u ...,X m } and Y = {Y u ...,Y n } are 
disjoint sets of distinct indeterminates and m — dcgP + 2, n = dcgQ + 2. Consider 
the homomorphism of graded Q-algebras 

Q[X,Y}^Q[X]/I®Q[Y]/J 

defined by 

Xi Xi = Xi + I and Yj yj = Yj + J for all i, j. 

It is easy to see that its kernel Kq is generated by I U J U {XiYj : 1 < i < m, 1 < 
j n] (hence is a monomial ideal of Q[X, Y]), and 

dim Q (Q[X,Y]/K ) s = dim Q (Q[X]//) s +dim Q (Q[F]/j) s 

for all s except possibly 0. In particular, Pk = Pi + Pj € Vm- As to P ■ Q, it is 
well-known that P ■ Q = Ps, where S C Q[Z\, . . . , Zn] is the homogeneous ideal 
corresponding to the image of V{I) x V(J) C P™" 1 x P™" 1 in P^" 1 under the 
Segre embedding. □ 

Remark 3.8. We write V* m := P m \ {P }, where P = ( T + m ^ 1 ). By the proof of 
the corollary is closed under addition. 

Hilbert-Samuel polynomials. We now associate another integer-valued polyno- 
mial to a homogeneous ideal. Given a homogeneous ideal / of K [X] and R = 
K[X]/I as in the beginning of this section, where if is a field, let 

hi(s) = dim K (R • • • © R s ) for seN. 

We call the function hi : N — > N the Hilbert-Samuel function of the ideal I. We put 
/i(!)(s) = for all s. If E G JF(N m ) we put hs ■= hi E , where Ie is the monomial 
ideal in Q[X] corresponding to E. With the notation Z< s := {z G N m : \z\ < s} 
for 2CN m and s G N we then have h E (s) = |Ve,< s | for all s. 

Lemma 3.9. Given a homogeneous ideal I of K [X] there exists an integer-valued 
polynomial pi of degree < m such that pi{s) = hi(s) for all s » in N. 

Indeed, the function hi is nothing but the Hilbert function of the homogeneous 
ideal IS of the polynomial ring 5 :~ K [Xo, X±, . . . , X m ]. We call the polynomial 
pi the Hilbert-Samuel polynomial of the homogeneous ideal I. We put pe '■= Pi E 
for P G .P(N m ). 
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Lemma 3.10. A polynomial p{T) G Q[T] is the Hilbert- Samuel polynomial of 
a non-zero homogeneous ideal of K[X\, . . . , X m ] if and only if p is the Hilbert 
polynomial of some non-zero homogeneous ideal of K[Xq, X\, . . . ,X m ]. 

Proof. The "only if" part follows from the preceding discussion. Conversely, sup- 
pose there exists a homogeneous ideal I ^ (0) of K[Xq, ■ ■ ■ , X m ] such that p = Pj. 
We may assume that the maximal ideal (Xq, . . . , X m ) is not an associated prime of 
I. (Otherwise, p = Pj = 0.) Then, for a generic linear form h of K [X , ■ ■ . , X m ], 
multiplication by h on R = K[X , ■ ■ ■ ,X m ]/I is injective (see, e.g., [11], Proposi- 
tion 1.5.12). So we have a short exact sequence of graded if-algebras and degree 
maps: 

— ► R(-l) R — > S — y 0, 
where R(-l) = s>o R(-l) s with R(-l) = 0, R{-1) 8 = R s -i for s > 1, and 
S = K[X , X m ]/~J with J = I + (ft). Hence 

ffj(n) -H I (n-l) = Hj(n) for n > 1 

and so Hi(ri) = J2i=o H j( i ) for a11 n - Note that H A l ) = H i( 1 ) - 1 < ^n, so by 
Macaulay's Theorem there exists a non-zero homogeneous ideal J' of K[X\, . . . , X TO ] 
with iJj = Hji . Hence Hi = hj = hj> and thus p = Pi = p,y . □ 

Remark 3.11. From the characterization of Hilbert polynomials which was estab- 
lished in Corollary 3.2, together with the previous lemma, we obtain an analogous 
one for Hilbert-Samucl polynomials. For the empty final segment C N m we have 
p $ (T) = ( T + m ). If p{T) e Q[T] has degree m - 1 and is of the form p = p F for 
some non-empty final segment F of N™ (for some n), then there exists a non-empty 
final segment E of N m such that p = pe- 

Somewhat more generally, we can also define the Hilbert function He and Hilbert 
polynomial Pe of an n-tuplc E = (E\, . . . , E n ) of final segments of N m by setting 

He = H El + • • • + H En , Pe = Pei + ■ ■ ■ + Pe u ■ 

Similarly wc define the Hilbert- Samuel function Ke and the Hilbert- Samuel poly- 
nomial pe of E. (We will use these constructions in [4].) Given n-tuples E = 
(E u . . . , E n ) and F = (F u . . . , F n ) of final segments of N m , we will write £3Fif 
Ei 3 Fi for all i = 1, . . . , n; that is, D denotes the product order on ffff" 1 )". The 
map that assigns to E its Hilbert function has finite fibers. In fact: 

Lemma 3.12. The maps 

E H E , E^h E , E^pe, 

where E = (E\, . . . ,E n ) G ^"(N" 1 )™, are strictly increasing and hence have finite 
fibers. 

Proof. Let E and E' be n-tuples of final segments of N m with E D E'. Then clearly 
He < He' (thus ft._E < h,E> and < pe>) and J/e 7^ Say He(sq) < He'(sq) 

for some So', then Pe(s) < pe'(s) for all s > sq sufficiently large. The rest now 
follows from Lemma 1.5, (1) and the Noetherianity of ^(N" 1 )™. □ 

It might be worth pointing out that although in general there are infinitely many 
final segments of N m with a given Hilbert polynomial P (for example, every non- 
empty final segment of N has Hilbert polynomial 0), it is not difficult to see that 
there always exists a smallest Hilbert function He with Pe = P. 
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The ordered set of Hilbert-Samuel polynomials. In the following, we will 
write 

S m := {pE-Ee T(N m )} 
for the set of Hilbert-Samuel polynomials of final segments of N m , and S := U m S m . 
We also let := S m \ {p®}, with — ( T ^ m ). By Lemma 3.10, we have S* m = 
V^ +1 for all to. By Corollaries 3.6 and 3.7: 

Corollary 3.13. The set S is a well-ordered sub-semiring of the ordered ring of 
integer-valued polynomials. □ 

Corollary 3.2 of Macaulay's Theorem makes it possible to describe the unique iso- 
morphism between S m and its order type o(<S m ) in a rather explicit way: 

Definition 3.14. Every Hilbert-Samuel polynomial p(T) of a non-empty final seg- 
ment of N m can be written uniquely in the form 

,T + a 1 \ + /T + a i -l\ + _ + /T + a.-is-l) 

\ fll / V «2 / V a s 

for certain integers m > a\ > a 2 > • • • > a s > and s > 0. We put 

c p := (c m _i, c m - 2 , . . . , Co) G N m , 

where Cj denotes the number of occurrences of i E {0, . . . , to — 1} among the coef- 
ficients a\, a,2, ■ ■ ■ , a s . Note that |c p | = s. We define an ordinal 

ip p := w m_1 c m _i + w m " 2 c m _ 2 H h Co. 

For the Hilbert-Samuel polynomial p(T) = ( T ^ m ) of the empty subset of N m we 
set ipp :— lo" 1 . 

The following observation is now easy. (This gives another proof of the well- 
order edness of <S m .) 

Corollary 3.15. The map 

p ip p : S m —> ui m + 1 
is an isomorphism of ordered sets. □ 

In [4] we will use the previous corollary to define a new model-theoretic rank for 
definable sets in differentially closed fields of characteristic zero (via their Kolchin 
polynomials, see [23] or [24]). 

Computation of ip p . Here is how the c p can be computed recursively, following 
[24]. (In [24], Co, ... , c m _i are called the minimizing coefficients of p.) Let 

^ , fT + d\ , /T + d-l\ , fT + 

with 6 0l • • ■ 7 b d G Z, b d ^ 0, be an integer- valued polynomial of degree d. We define 
a sequence c p G Z m , where m = d + 1, by induction on d as follows: If p = 
or g? = 0, so p(T) = 6 is constant, we put c p := (6o). If d > 1, we consider the 
integer- valued polynomial 

Note that e := degq < c?, so c 9 = (c 9>e , . . . c 9l o) £ Z e+1 has been defined already. 
We let c p := (b d , 0, . . . , 0, c q , e , ■ ■ ■ c g ,o) G Z m . 
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Lemma 3.16. p(T) G if and only if c p > 0, and in this case c p = c p . 

Proof. We proceed by induction on d. The case d — is trivial. Suppose d > 0, and 
assume first that p{T) G S^, say p(T) = pi(T) for some non-zero monomial ideal 
I of R = Q[Xt, . . . ,X m ]. Since p(s) > for s > 0, we clearly have b d > 0. For 
i = 1, . . . , m we let v j G N be the smallest natural number such that G 7 for 

some fi G N m with [n = 0. Multiplication by X v , where v = {v\, . . . ,v m ), induces 
a short exact sequence 

— > (R/(I : fl/J — » — ► 0. 

Hence for all s: 

%:*■<)(*) = + k|) - + H). 

Using the short exact sequences 

— : ^))(-KI) ^> fl/J — R/(XD — o 

for i = 1, . . . , m it is easy to see that \v\ = b d . It follows that 

h ( \ r j. h\ (s + d+l + b d \ (s + d+l\ 
h {I .. x ^s)= Pl (s + b d )-^ d+1 j + ^ d+1 j 

for all s » 0, and therefore q = By induction we get that c 9 > and thus 

c p > 0. Conversely, suppose that c p > 0. By induction we may write q = pj for 
some monomial ideal J of R' = K[X U . . . ,X TO _i]. We put I = (X^ +1 ,X^J), a 
monomial ideal of R = K[Xi, . . . , X m }. Then, using the short exact sequence 

— > (R/(X m , J))(-b d ) ^ — > R/(X%) — 

and the fact that R/{X mi J) = R' / J we obtain p = pi as required. The identity 
c p = c p follows from Corollary 3.15, Lemma 2.3 (1) and the observation that 
{S m , ^0 - * (N m , <i ex ) : P >— > Cp is strictly increasing and surjective. □ 

Example 3.17. Let p(T) = o(T + 1) + b G Z[T] with a, 6 G Z, a ^ 0. Then p(T) 
is the Hilbert-Samuel polynomial of a non-empty final segment of N 2 if and only 
if a > and b + > 0. In this case, the sequence c p is given by (a, b + Q)), so 
?/>p = Loa + b + (^) . (Writing p(T) = dT+1— g this yields the well-known inequality 
9 < ( 2*) re l a t m g degree and genus of a projective curve.) 

Application: length of increasing chains of ideals. The results of this section, 
in particular Corollary 3.15, can be used to study increasing chains of ideals in poly- 
nomial rings. We give two applications. First let us prove the theorem stated in the 
introduction. We denote the set of homogeneous ideals of K[X] = K\X\, . . . , X m ], 
ordered by reverse inclusion, by T m . Since K[X] is Noetherian, X m is well-founded. 
We write p: l m — > S m for the map 1 1— > pi. 

Lemma 3.18. ht(J m ) = ht^N" 1 )) = cu m + 1. 

Proof. The first equality holds since there exists a strictly increasing surjection 
1m —> ^(N m ). This is a well-known consequence of the division algorithm in K[X] 
(see, e.g., [16], Chapter 15): Choose a term ordering < on 1*; given a non-zero 
polynomial / G K[X] let lm(/) be the leading monomial of /, that is, the largest 
monomial in the ordering < which occurs in / with a non-zero coefficient. Given 
an ideal I of K[X] we denote by lm(J) the monomial ideal generated by the lm(/), 
where ^ f G I. Now suppose that I D J are ideals in K [X]. Then lm(J) D lm(J): 
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Choose / £ I \ J such that hn(/) is minimal in the ordering <; we claim that 
lm(/) G lm(7) \ lm( J). Otherwise hn(/) = lm(g) for some ^ g £ J, and we can 
write / = qg + r for some ?,r£ -^[^L r ^ 0, with lm(r) < lm(/). Since r € I\J, 
this is a contradiction. Hence the map which associates to a homogeneous ideal I 
the monomial ideal lm(7) is strictly increasing. The second equality follows from 
Proposition 2.11. □ 

We now show: 

Theorem 3.19. For every strictly increasing surjection ip: X. m — > S, where S is 
an ordered set, there exists a non- decreasing map ip: S m — > S such that ip op < tp. 

Proof. The map 1 1— ► ip Pl : T m — > lo" 1 + 1 is strictly increasing and surjectivc. Hence 
ippj = hti m (7) for all I G T m , by the last lemma. In fact, htj m = ht$ m op. The 
claim now follows from Lemma 2.3 (2). □ 

(By the second part of Lemma 2.3, the Hilbert-Samuel polynomial p: T m — ► S m 
is characterized up to isomorphism by the property expressed in the theorem, in 
the category of strictly increasing surjections X m — ► 5, where S is a totally ordered 
set.) 

Remark 3.20. Let Q m denote the set of isomorphism classes of finitely generated 
graded i?-modules, where R = K[X\. We define a binary relation < on Q m by 
M < N there exists a surjective homomorphism of graded i?-modulcs N — > 
M. Since every surjective endomorphism of a finitely generated i?-module is an 
isomorphism (see [16]), it follows that < is an ordering on Q m . By Noetherianity 
of R, < is well-founded. We ask: Does the theorem above remain true when I m is 
replaced by Q m and p by the map which assigns to every M £ Q m its Hilbert-Samuel 
polynomial? 

By the theorem above, every strictly increasing chain of non-zero homogeneous 
ideals in gives rise to a strictly decreasing sequence in the lexicographically 

ordered set ui m . What can be said about the length of such sequences? For this, 
let us fix an increasing function / : N — > N, and consider finite sequences 



of m-tuples Vi £ N m , strictly decreasing with respect to the lexicographic ordering 
on N m , with the property that \i>i\ < f(i) for all i. For the purpose of this section, 
let us call such a sequence an f -bounded sequence in N m . By Konig's Lemma (e.g., 
[21], p. 20) applied to the tree whose nodes are the /-bounded sequences it follows 
that there exists an /-bounded sequence with maximal length i = £(m, /). It is not 
difficult to compute an explicit formula for £(m, /): 



Vo >lcx V\ >l ox • • • >l ox Z^£_i 



Lemma 3.21. We have 1(1, /) = /(0) + 1 and 



£(m, /) = 1 + t(m - 1, h) + ■ ■ ■ + l(m - 1, f m ) 
with fi : N —> N defined by 



for m > 1 



fiU) = f(j + l + £(m-l, h) + --- + £(m-l,fi 



i))-/(0) + i 



for i,j€N,i>l. 
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Proof. By induction on m. The case m = 1 is trivial. Suppose that m > 1, and let 

^0 >lcx V\ >l cx • • • >l ox ^£_i 

be an /-bounded sequence in N" 1 of maximal length £ = £(m, /). We must have 
= (/(0), 0, . . . , 0) ; otherwise (since / is increasing) 

(/(0), 0, . . . , 0) >i cx v a >i cx i/i > lcx • • • >i cx u e -i 

would be a longer /-bounded sequence. For a similar reason, v\ must have the form 
v\ = (/(0) - l) Mo for some Mo e N TO_1 . It follows that 

vx = (/(0) - 1) Mo, ... , *^ - (/(0) - 1) 

for some /i-bounded sequence mo >iox Mi >icx • ■ ■ >iox M^i-i m N m_1 of maximal 
length £i = £(m — 1, /i). The next terms in the sequence must then have the form 
v ii+% = (./ (0)-2) Aj_i for some / 2 -bounded sequence A >i ex Ai >i ox • • • >i ox \i 2 -\ 
in N m_1 of maximal length l 2 = £(m — l, $2), and so on. This leads to the displayed 
formula for £(m, /). □ 

We can use this to show the following statement about uniform bounds for the 
length of ascending chains of homogeneous ideals. Recall that for any homogeneous 
ideal I of K[X] = K[X\, . . . , X m ], we denote by <p{I) the smallest natural number 
no such that for any homogeneous ideal J of K [X] with Hilbert polynomial Pj = Pi, 
we have Hj(n+l) = Hj(n)^ for all n > n . (Cf. remarks following Corollary 3.2.) 

Proposition 3.22. Let f: N — ► N be any function and m > 1. There exists a 
natural number t m (f) depending only on m and f, and primitive recursive in / , 
such that for any field K and any strictly increasing chain 



Iq c h c • • • C 7, 



of non-zero homogeneous ideals in K[Xi, . . . , X m ] such that tp(Ii) < f(i) for all i, 
we have t < t m (f). 

Here as usual, a function F: W — > N (for r E N) is called primitive recursive 
in a given collection F\, . . . , Fk of functions Fi : N Ti — » N, i = 1, . . . , k, if it can 
be obtained from F\, . . . , Fk as well as the the constant function 0, the successor 
function x 1— ► x + 1, coordinate permutations (xi, . . . , £„) 1— > (x a ^, . . . , 
and the projections (xi, . . . , £ n +i) ^ (xi, . . . , x n ) : N™ +1 — > N™, by finitely many 
applications of the following rules (substitution and induction, respectively): 

(1) if F : W — > N and G\ , . . . , G r : W — > N are primitive recursive in F 1 , . . . , F k , 
then so is H = F(G U . . . , G r ) : W -» N; 

(2) if F: N 7 " — > N and G: N r+2 — > N are primitive recursive in F l7 . . . ,F k , then 
so is the function H : W' +1 — > N defined by 



F(x) if y = 

G(x,y-l,/7(x,y-l)) if y > 0, 

for i£f and y £ N. 

If k = 0, we obtain the plain primitive recursive functions. Standard number- 
theoretic functions like addition (x,y) t— > x + y, multiplication (x, y) ^ 1 • y or 
exponentiation (x, y) x y are primitive recursive. The class of primitive recursive 
functions forms a proper subclass of all recursive, or computable, functions. A 
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Q(T) = 



prominent example of a recursive but not primitive recursive function is the Ack- 
ermann function. (See, e.g., [31], Section 2 for the definition of the Ackermann 
function.) 

Before we prove Proposition 3.22 we show the following lemma. Given Q(T) 6 
Q[T] we put AQ(T) = Q(T) - Q(T - 1) e Q[T}. Note that if AQ = P and 
Q(0) = P(0), then Q(n) = £™ =0 P(i) for all n e N. 

Lemma 3.23. Let 

p{T) = (T + «^ + + a 2 - 1^ + + + a s - (s - 1) 

with integers a\ > a 2 > • • • > a s > and s > 1. TTien 

T+(ai + l)\ /T+(o2 + l)-lN /T+(o. + l)-(a-l) 

ai + 1 / V ft 2 + 1 / V a s + 1 

is i/ie unique polynomial in Q[T] such that Q(0) = P(0) and AQ — P. 

Proof. Clearly Q(T) satisfies Q(0) = 1 = P(0). The well-known identity (°) - 
( a f ; 1 ) = for a > 6 > implies AQ = P as required. □ 

Proof (Proposition 3.22). First replacing / by the function g: N — > N defined by 
by z i ► max{/(0), . . . , /(«)}, if necessary, we may assume that / is increasing. If / 
is a non-zero homogeneous ideal in K[X] with Hilbert-Samuel polynomial p = pi 
and s = <p(I), then for n > s we have 

n 

p(n)=J2H I (i) = Q(n) + k 

z=0 

where Q(n) = J27=o ^M*) an< i ^ = Si=o (^(*) — ^(*))- * ne previous lemma 
it follows that |c p | = s + fc, and since j < { s ^ m ), we have |c p | < s + C^" 1 ) =: 
h m (s). Hence the function t m (f) := £(m,/i m o/), with £ as defined in Lemma 3.21, 
bounds the length of every strictly increasing chain of ideals as in Proposition 3.22. 
It is a tedious but straightforward exercise, left to the reader, to verify that t m (f) 
is primitive recursive in /, for given m. □ 

The proposition above yields the following theorem of Moreno Socfas [31]: 

Corollary 3.24. Let /: N — > N be any function and m > 1. There exists a natural 
number t m (f) which is primitive recursive in f such that for any field K and any 
strictly increasing chain 

(3.2) J C h C • • • C I t -i 

of ideals in K[X] = K[X\, . . . , X m ] such that It is generated by polynomials of 
degree at most f(i), for every i, we have t < t m (f). 

Proof. First we show that we may restrict ourselves to chains (3.2) where each 
ideal Jj is monomial. To see this choose a term ordering < on X° which is degree- 
compatible. Then, as in the proof of the first equality in Lemma 3.18, one shows 
that if I C J are ideals and J is generated by polynomials of degree < d, then there 
exists a monomial X v G lm( J) \ lm(J) of degree \v\ < d. As in [31], Section 4 one 
further reduces to the case where every monomial ideal Li is of the form 7j = Le { 
for a lex-segment E 1 , C N m . By the remarks following Corollary 3.2 we then have 
< /W f° r all i- Hence t m (f) as defined in the previous proposition works. □ 
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In [31] (Corollary 7.5) it is also shown that t m (f) is not primitive recursive in m, 
even for an affine function f(i) = p + iq (p,q g N). In fact, m i— > t m (f) grows like 
the Ackermann function, and hence extremely rapidly. 

Moreno Sodas' result 3.24 may be interpreted as a quantitative variant of Dick- 
son's Lemma (and thus, of the Hilbcrt Basis Theorem). We finish this section with 
outlining the proof of a similar fmitary formulation of Maclagan's principle. This 
fact can be seen to provide primitive recursive complexity estimates for algorithms 
whose termination has been shown using the Noetherianity of .F(N m ). The proof 
is based on ideas of Harvey Friedman [18]. It also gives a different argument for 
Proposition 3.24 in the case where / is affine, by reducing to the case of ascending 
chains of monomial ideals, as in the argument in the beginning of the proof of 3.24. 

Proposition 3.25. Letp,q G N, m > 1. There exists a natural number r m (p,q), 
which is primitive recursive in p and q, such that for any bad sequence 

Fo, Fi,..., F r -i 

of final segments ofN m , with Fi generated by elements of degree at most p + iq, we 
have r < r m (p, q). 

Sketch of the proof. We fix m > 1. Let T be the first-order theory of the structure 
N = (N, <) in the language £ consisting of the binary relation symbol < and 
a constant symbol for every element of N. Every model of T is an ordered set 
containing an isomorphic copy of N as an initial segment, which we identify with 
N. For r G N wc let C r be the language C augmented by m-ary predicate symbols 
Fo, . . . , F r _i. For p, q, r G N let T p ,g, r be the union of the £ r -theory T together 
with sentences that express that Fq, . . . , F r _i form a bad sequence of final segments, 
and each Fi is generated by elements of N m of degree < p + iq. Given p, q G N, 
the set T Piq = \J r T VA ^ r of sentences in the language C = U r C r is inconsistent, 
by Noetherianity of J r iW n ). The Completeness Theorem of first-order logic implies 
that for some r, T p q>r is inconsistent. Clearly any such r bounds the length of a bad 
sequence in f(N m ) with the i-th element in the sequence generated in degrees < 
p+iq. In order to show that r can be found primitive recursively in p, q, we use some 
facts about the so-called second principal system of reverse mathematics WKL , see 
[41]: First, the proof of the Completeness Theorem for countable languages can be 
carried out in WKLo ([41], Section IV. 3). It is a routine exercise to verify that the 
Noetherianity of ^(N" 1 ) is also provable in WKL . (For example, the proof given 
in the next section can be easily formalized.) The inconsistency of T p ^ r can be 
expressed by an existential formula ip(p, q, r) in the language of arithmetic, and the 
V3-sentence \/p\/q3rip(p, q, r) is provable in WKLo. By a theorem of Friedman and 
Harrington ([41], IX. 3) there exists a primitive recursive function N 2 — > N: (p, q) ^ 
r m (p,q) such that WKL h VpVqip(p, q, r m (p, q)). This r m (p,q) has the required 
properties. □ 

Remark 3.26. The precise form of bounding function i ^ p + iq used in Propo- 
sition 3.25 is not essential: Let g: N fc+1 — > N be a primitive recursive function, 
k G N. Then there exists a primitive recursive function r. m _ g : N fe -> N such that 
that for any pi, . . . ,pi~ G N and any bad sequence Fq, F\, . . . , F r —i of final segments 
of W n , with Fi generated by elements of degree at most g(pi, . ■ . ,Pk, i), we have 
r < r m , g {Pi, ■ ■ ■ ,Pk)- 
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It is well-known that given an ideal / = (/i, . . . , /„) in a polynomial ring -ftT[JT] = 
K[Xi, . . . , X m ] over a field K, with deg fi<d for all d, the ideal lm(7) of leading 
monomials of elements of I, with respect to a degree-compatible term ordering, 
can be generated by monomials of whose degree is bounded by d 2 ™ (see, e.g., [15]). 
Since this bound is primitive recursive in d, Remark 3.26 (applied to g: N 3 — > N 
given by g(p, q, i) = (p + iq) 2 ) implies: 

Corollary 3.27. Let p, q £ N, m > 1. There exists a natural number s m (p,q), 
which is primitive recursive in p and q, such that for any field K and any sequence 

loi hi ■ ■ ■ , I s -i 

of ideals of K[X\, . . . , X m ] with s > s m (p, q) and with each h generated by elements 
of degree at most p + iq, there exists < i < j < s such that lm(ii) D lm(ij) (and 
hence in particular Hj i < Hj j ) . □ 

4. Total Orderings of Monomial Ideals 

In this section, we study the ordered set J-(N m ) of final segments of N m , with the 
ordering given by the superset relation (see Example 1.2). We give an upper bound 
on o(.F(N m )) and we explicitly describe several ways of extending the ordering on 
jF(N m ) to a well-ordering. Finally, we compute the order type of one particularly 
useful ordering, called the Kleene-Brouwcr ordering of J-(N m ). 

Bounding the type of JT(M m ). Our computation of an upper bound for the type 
of JT(N m ) is based on the following idea (which, incidentally, gives yet another 
proof of the Noetherianity of ffN" 1 )). Recall that an ideal in a commutative ring 
is called irreducible if it cannot be written as the intersection of two strictly larger 
ideals. (For example, prime ideals are irreducible.) By Noetherianity of 
every ideal / of K[X] (where if is a field) can be written as an intersection of 
irreducible ideals. Such a representation I = J\ fl • • • fl J r (r G N, r > 0) of I as 
an intersection of irreducible ideals J\, . . . , J r , however, is not necessarily unique, 
even if we require it to be irredundant, that is, Ji % Jj for i ^ j. However, an 
irrcdundant decomposition I = J\ fl • • • fl J r of a monomial ideal / is unique, and 
in this case the irreducible components Ji are monomial ideals as well. It is easy 
to see that every irreducible monomial ideal is of the form m v := (Xp : Vi > 0) for 
some v = (vi, . . . , v m ) £ N m . Note that 

[v {1) ,...,v {r) ] <° [^ (1) ,...y s) ] in (N m )° => 

m v(1) n • • • n m I/(r) d nv" (1) n • • • n m^ <s) , 

for all i/Wj/i^ e N m such that supp D supp (/z^) for all i,j. Here suppz/ = 

{i : vi > 0} denotes the support of v = (v\, . . . ,v m ) e W n . (See Section 1 for 
the definition of <°.) Given a vector v = (v\, . . . ,v m ) E W n let us write (v) := 
(v^, . . . , v ik ) eN 1 , where 1 < i\ < ■ ■ ■ < ik < m are the elements of the support of 
v listed in increasing order. Given a final segment E G J : (N m ) and u C {1, . . . , m] 
we denote by ip(E,a) the commutative word [(z/W), . . . , {v^}] G (N' CT ')*, where 
m"' 1 ' , . . . , m l,{r> are the irreducible components of Ie with supp i/W = a . Here Ie is 
the monomial ideal of Q[Xi, . . . , X m ] corresponding to E. Combining the various 
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tp(E, a) we obtain a quasi-embedding 

(4.1) T{N m )^ II (n' ct ')° : E i-> (ip(E,a) : a C {1, . . . , m}). 

crC{l,...,m} 

By Proposition 2.8 it follows that 

o(^(N m )) < (g) o ((N^f) . 

<TC{l,...,m} 

In order to continue our majorization, we need to bound the type of the Noetherian 
ordered sets (N'""') . Recall that eo is the supremum of the sequence of ordinals 
bj,oj u , w w , . . . ; in other words, e is the smallest solution of the equation uj x = x 
in ordinals. Given an ordinal a we define 



a 



if a < eo, 
a if a > e - 



We will show: 



Lemma 4.1. Let S be a Noetherian ordered set of type a = o(S). Then S° is 
Noetherian of type o(S°) < uj a . 

In [40] one finds that o(S* ) = uj^" , for every Noetherian ordered set of type 
a = o(S). Here 



a = < 



a — 1 if0<a<aj, 

a + 1 if a = e + n for some n < u> and some e with e 
a otherwise. 



This yields the cruder upper bound o(S°) < uj^" . The lemma above was inspired 
by the following consequence of it, a quantitative version of a well-known result of 
B. H. Neumann. (See the erratum [44] to [45].) 

Corollary 4.2. (van den Dries-Ehrlich.) Let T be an ordered abelian group and 
S C r-° well-ordered of order type a = o(S). Then the monoid [S] generated by S 
in T is well-ordered of order type < iv a . 

Proof. Since S° is the free commutative monoid generated by S, we have a natural 
surjective monoid homomorphism — ► [S]. This homomorphism is increasing 
when S° is equipped with the ordering <* and [S] with the well-ordering induced 
from r. The claim now follows from the last lemma and Proposition 2.8, (3). □ 

Lemma 4.1 together with (4.1) yields the following upper bound on the type of 
jF(N m ): 



<7C{l,...,m} 



(4.2) o(^(N m )) < (g) u uM =u®' u 



where a® 1 ™ = a (8) a ® • • • (8) a (to times) for a G On. (If the Cantor normal form 
of a has leading term uj 1 , then the leading term of a® m is w 7m . This implies the 
bound on o(^ r (N m )) given in the introduction.) 
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Proof of Lemma 4-1- We proceed by transfinite induction on a. The case a = is 
trivial (5 — 0), so let a > 0. We distinguish two cases. First suppose that a is 
not additively indecomposable, that is, a — ct\ © a 2 for some ordinals ct\, a 2 < a. 
Hence S is a disjoint union S — Si U S 2 with 0(5*1) < «i and 0(5*2) < ct 2 . (Here 
each Si is equipped with the restriction of the ordering of 5 to Si.) We have a 
bijective increasing map S° x S 2 — > S°, so 

o(5°) < o(5^ x 5|) = o(S?) O o(5|) < w a i ® = 

by Proposition 2.8 and using the induction hypothesis. Now suppose that a is 
additively indecomposable. It is well-known that then a has the form a = u; 13 for 
some (3 > 0. By Proposition 2.8, (1) it suffices to show that o((5*) 2 "') < lu"' 
for all w e 5°. We show this by induction on \w\. For \w\ = there is nothing 
to show, since then (S°)^ w = 0. Suppose \w\ > 0, say w = [so, ■ ■ ■ , s m _i] with 
so, ... , s m _i e 5. There exists a quasi-embedding 

V>: (5°)^ -» (5 2so )°n (5 x (5*)^') , 

where w' = [s\, . . . ,s m _i]. In order to see this, let v — [to, . . . ,i n -i] G 5* with 
v ^ w. Then cither ^ so for all i; or ti > so for some i, so after reordering 
the i's we may assume to > s o, an d = [ti, ■ ■ ■ , ^ [si, • ■ • , s n _i]. In the 

first case, we put ip(v) = v G (5^ s °)°, and in the second case, we put tp(v) = 
(to,v r ) e S x (S°)^ w . It is easy to check that tp is a quasi-embedding. Hence, by 
Proposition 2.8, 

o ((5°)^) < o((5 2so )°) © (a ® o((5°)^')) . 

Put 7 = o(5 2so ), so 7 < a and hence o((5 2so ) <> ) < up' < u> a ' by inductive 
hypothesis on a. By inductive hypothesis on w we have 8 := o((S°)^ w ) < u a . 
Hence it suffice to show that a <£> 8 < ui a . Write 5 in Cantor normal form as 
8 = uo Sl ni + • • • + uu Sk nk with ordinals 8\ > ■ ■ ■ > 8k and positive integers n\, . . . ,rik- 
Then the Cantor normal form of a ® 8 has leading term Lo^® 5l n\. If a < so 
then (3 < iv 13 = a, and S\ < a = a', hence [3 ® 81 < a, since a is additively 
indecomposable. If a > eo, then f3 < iv 13 < uj^ +1 and <5i < uu ® a = dj l3+1 , hence 
/3 © <5i < w /3+1 = oj <8> a, since is additively indecomposable. In both cases we 

have [3 (B Si < a', hence a <%> 8 < io a as desired. □ 

Remark. By Remark 1.11 and Proposition 2.8, the lemma we just proved also 
implies that o(5°, H<) < uj a for any Noetherian ordered set (5, <) of type a. See 
[47] for a proof of the slightly better bound o(5*, r^) < u a . 

Some possibilities for totally ordering monomial ideals. By Lemma 1.6, we 
have T{n m ) ^ Decr(N, /(N™" 1 )) for m > 1: Every final segment F of N m can be 
written as the disjoint union 

(4.3) F = (F x {0}) U (Fi x {1}) U • • • U (Fj x {j}) U • • • , 

where 

*j := {(ei, . . . , e ro _i) e N m_1 : (e 1; . . . , e m _i, j) e F}, 

a final segment of N m_1 (possibly empty). In the notation introduced in the proof 
of Lemma 1.6, Fj = ip F (j) for all j G N. We have (F ,Fi,...) G J"(N m_1 )^-\ 
that is, Fo ^ -Fi C • • • is an ascending chain of final segments of N m_1 (and hence 
becomes eventually stationary). Moreover, F D G if and only if Fj D Gj for all j, 
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that is, if and only if (F , fi, . . . ) < (G , Gi, . . . ) in the ordering of f(M m_1 )&'. 
The decomposition (4.3) for final segments of F(N m ) can be used to explicitly 
construct a total ordering < on F(N m ) which extends D. By Corollary 1.8 and 
Proposition 1.3, this ordering will then be a well-ordering. For the construction, 
we proceed as follows, by induction on to: 

(1) If to = 1, then F < G :^=> FDG. 

(2) Let m > 1, and suppose we have already constructed a total ordering < on 
f(N'" _1 ). We then put F < G if and only if 

{F ,F U ...) < lcx (G ,Gi...) 

in the lexicographic ordering on ^(N" 1-1 )'-^ induced by <. (That is, F <J 
G if and only if either F — G, or there is j e N with F = Go, . . . , = 
Gj-i,Fj <d Gj.) 

By induction on to it follows easily that F D G => F < G, for all F, G G .F(N" 1 ). 
The empty final segment is the largest and the final segment N m the smallest 
element of F(N m ). 

We shall not try to compute here the order type of (f(N m ), <) for general to. 
Let us just point out: 

Lemma 4.3. o(F(N 2 ), <) = + 1. 

In order to see this, suppose that S is a well-ordering. Then the restriction of the 
lexicographic ordering on to S^--* is a well-ordering which extends the product 
ordering. In the next proposition we compute the order type of in terms of 
the order type of S. For S = F(N) this yields the lemma above. We may assume 
that S — a is an ordinal. 

Proposition 4.4. Let a be an ordinal. Then: 

a if a = or a = 1 



o(a^) 



u^-i + l if2<a<uu 

uj a if a > lu is a limit 

u) a + 1 if a > u) is a successor. 



Proof. Clearly o(0^-^) = 0. Observe that is an initial segment of 7^-) for any 
f3 < 7, so 

(4.4) o(a ( ^) = [j o(/3 &) ) if a is a limit ordinal. 

f3<a 

Moreover, 

(a + l)<^ = U^U {(a, a,...)}, 

where .Bj is the set of decreasing sequences in a + 1 that begin with exactly z many 
a's. Hence each Bi is isomorphic to a^—' (as ordered set), thus 

(4.5) o((a + l) ( - } ) = o(a^>) + o(a^) + • • • +1 = o(a^>)w + 1. 

uj many times 

The formula for o(a^-^) follows by transfinite induction, using the relations (4.4) 
and (4.5). □ 



34 



MATTHIAS ASCHENBRENNER AND WAI YAN PONG 



The well-ordering < of !F(N m ) introduced above has several disadvantages. Most 
severely, from a practical point of view, suppose F and G are two final segments of 
N m , given in terms of finite sets of generators, and we want to compare F and G 
with respect to <. So we need to compute representations (4.3) for F and G, and 
lexicographically compare the resulting sequences of final segments of N m_1 . This 
gives rise to a computationally demanding recursion on to. Sometimes, however, 
we have access to the Hilbert-Samuel polynomials of monomial ideals (since they 
are needed for an auxiliary computation, say). In this case, we may use a variant of 
the ordering < for which comparing F,G€ J-(N m ) can be done in a more efficient 
way: By Section 2 we obtain a well-ordering < of f(N m ) extending D with minimal 
possible order type uj m + 1 by defining 

F < G :^=^ pf -< Pg, or pf = Pg and F < G. 

This makes it necessary to decide F < G only to break ties, that is, in case F and 
G have the same Hilbert-Samuel polynomial. 

The Kleene-Brouwer ordering. In the rest of the paper we study another or- 
dering of monomial ideals which has the advantage that comparison of monomial 
ideals specified by sets of generators is extremely easy. 

Definition 4.5. Let (U, <) be a totally ordered set. We define the Kleene-Brouwer 
ordering <kb of the tree U* as follows: If s = (si, . . . , s m ), t = (ii, . . . , t n ), then 
s <kb t if and only if either 

(1) s □ t, or 

(2) (si,...,Sfc) <i ox (ti, ■ ■ ■ ,tk), where k = min{m, n} and <i ox denotes the 
lexicographic ordering on U h . 

It it easy to check that <kb is a total ordering on U* extending the initial segment 
relation □. We refer, e.g., to [21], (2.12), for a proof of the following fundamental 
fact: 

Lemma 4.6. Let (U, <) be a well-ordered set and T a tree on U. Then T is well- 
founded if and only if the Kleene-Brouwer ordering restricted to T is a well- ordering. 
(In this case, we write Okb(T) for the order type of <kb-) □ 

Let now (S, <) be a Noetherian ordered set, and fix a total ordering <' on S 
extending <. As in Section 1 we let Ant^S) be the well-founded tree 

Ant</(5) := {(si, . . . , s n ) e S* : Sj || Sj and Sj <' Sj for all 1 < i < j < n} 

on S. We consider Ant<< (S) as an ordered set via the restriction of <kb- We define 
a bijection ip: J-(S) — > Ant</(S') by <fi(F) = (ai, . . . , a n ), where a\, . . . ,a n are the 
minimal generators of the final segment F of S, ordered in increasing order with 
respect to <'. 

Lemma 4.7. The map ip: J-(S) — ► Ant</(S') is strictly increasing. 

Proof. Let F D G be final segments of S, and let a\, . . . , a n and bi,...,b m be the 
minimal generators of F and G, respectively, with a\ <' ■ ■ ■ <' a n and bi <' ■ ■ ■ <' 
b m . We need to show (ai, . . . ,a n ) <kb (h, ■ ■ ■ ,b m ). If (&i, . . . , b rn ) C (oi, . . . ,a n ) 
we are done. Otherwise, there exists r < min-jro, n} such that a\ = b\, . . . , a r _i = 
fe r _i and a r ^ b r . Since F D G, we have a, < b r for some i. Since aj = bj for j < r 
and {bi, . . . , b r } is an antichain, we have i > r, hence a r <' ai < b r . Since a r ^ b r 
we have a r <' b r , and therefore (ai, . . . , a n ) <kb . . . , b m ) as required. □ 
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By means of the last lemma, we obtain a well-ordering on F(N m ) extending D as 
follows: Fix a term ordering <' on N m . Given final segments F and G of N m , with 
minimal generators a\ <' ■ • ■ <' a r and b\ <' ■ ■ ■ <' b s (where r, s G N), define 

F<kbG » (ai,...,a r ) < KB (&i,..., b s ) (in Ant<,(N m )). 

We shall call the well-ordering <kb of 7-"(N m ) the Kleene-Brouwer ordering of 
T(N m ) (induced by <'), and we put o KB (>"(N m )) := o KB (Ant</ (N m )) . If / and J 
are monomial ideals in K[X\, . . . ,X m ] (where if is a field) corresponding to final 
segments F and G of N m , respectively, we put I <kb J if F <kb G. This yields a 
well-ordering on the set of monomial ideals of K[X] which extends D. 

For lex-segments, the Kleene-Brouwer ordering induced by the degree-lexicogra- 
phic ordering has an alternative description: 

Example 4.8. Suppose that <' is the degree-lexicographic ordering of N m , and 
let E = (oi, . . . , a r ) with a\ <' ■ ■ ■ <' a r be a lex-segment of N m , and let F = 
(bi,...,b s ) with bi <'■■■<' b s be any final segment of N m . Then 

E <kb F => E = F ,..., E d _ x = F d _ u E d D F d for some d G N. 

Proof. Suppose that E <kb F. If E D F, we are done. Otherwise, there is 
t < min{r, s} such that a\ = b\, . . . , a t = b t ,a t +i <' b t +i- Put d = |a t+ i|. Then 
dt+i £ F d : otherwise we have a t +i > bi for some i. Since the a\, . . . , a s form an 
antichain (with respect to <) and = bi for 1 < i < t, we have i > t and so 
«t+i >' b t +i, a contradiction. Moreover Fj C Ej for all < j < d: Let x e Fj, 
so x > bi for some i € {1, . . . , s}. If 1 < i < t we are done (since = bi), so 
suppose i > t. Then x >' b t +\ >' fflt+i, so > at+i = rf, hence j = d. Since E is 
a lex-segment and x >' a t +i we get x £ E d as claimed. Finally, we have Ej C Fj 
for < j < d: If y £ Ej for j G {1, . . . , d — 1}, then y > for some z G {1, . . . , t}, 
hence y E Fj. □ 

Historical remark. The Kleene-Brouwer ordering of a tree plays an important role in 
descriptive set theory and recursion theory It appears for the first time in the work 
of Brouwer [10] (in his proof that intuitionistically, every real function is uniformly 
continuous on closed intervals) and Lusin-Sicrpinski [27], and was later used by 
Kleene [22]. (See the remarks in [32], p. 270.) A variant of the Kleene-Brouwer 
ordering was independently discovered by Ritt in his seminal work on differential 
algebra, in his definition of the rank of characteristic sets. (See [23], p. 81.) 

An upper bound for okb • We want to investigate the order-theoretic complexity 
of Okb- We first establish an upper bound on Okb- 

Notation. Given an ordinal a and a sequence (a n ) n eN of ordinals, we write 

a — lim sup a n 

n 

if a = sup{a„ : n G N}, and for every no and [3 < a there exists n > no with 
[3 < a n . (Equivalently, a = limsup„a„ if and only if a = sup{a ni : i G N} for 
some increasing subsequence cti < < ■ ■ ■ of (a n ).) 

In the following, U and V will denote countable sets. For the purpose of this section, 
let us call a tree T on U universal if T is well-founded, and every node a of T which is 
not a leaf has infinitely many successors do, a\, . . . , and ht(o) = limsup„ ht(a„) + 1. 
Note that the property of being universal is preserved under passing to subtrees. 
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By Lemma 2.5, if S and T are well-founded trees with rk(«S) < rk(T), then there 
exists an increasing length-preserving map S — > T. If T is universal, we have the 
following result (justifying our choice of terminology): 

Lemma 4.9. Let S and T be trees on U and V, respectively. If T is universal, 
then the following are equivalent: 

(1) S is well-founded with rk(5) < rk(T). 

(2) There exists a length-preserving embedding S — > T . 

(3) There exists a strictly increasing map S — > T. 

Proof. We prove (1) => (2) by induction on the rank of T, the case rk(T) = being 
trivial. Suppose that rk(T) = a + 1 is a successor. Since T is universal, there exists 
a sequence (6„)„ 6 n of pairwise distinct elements of V such that (bo), (bi), ■ ■ ■ are 
successors of e in T of height a. Suppose that S is well-founded with rk(5 f ) < rk(T), 
and let (i a n)) n<x (where A < uu and dj ^ dj for all < i < j < A) be the successors 
of the root e in S. For every n, the subtree Sr a \ has rank < a and hence can be 
embedded into Tn, \ by a length- preserving embedding, by induction hypothesis. 
Hence there exists a length-preserving embedding a n T^ an ^ —> b n S^ n y Extending 
the union of these embeddings to a map S — > T by mapping the root of S to 
the one of T gives a length-preserving embedding of S into T. Finally, suppose 
that rk(T) is a limit ordinal. Let (6„)„ e N be a sequence of elements of V such 
that sup„rk(T , (bn) ) = rk(T). Suppose that S is well-founded with rk(S) < rk(T), 
and as before let {( a n)) n<x (where A < ui and aj ^ aj for all < i < j < A) 
be the successors of the root e in 5. For each < i < A there exists rii G N 
such that rk(S7 a .)) < rk(Tr bn \) < rk(T). Using the induction hypothesis we find 
a length-preserving embedding a,iT/ a A — > &n i 5'(6„.)- Again it is not difficult to 
combine these to obtain a length-preserving embedding S 1 — > T as required. The 
implications (2) =4> (3) and (3) => (1) are clear. □ 

Corollary 4.10. Suppose U is infinite and T ^ {e} a well-founded tree on U. 
There exists a universal tree T' on U with T Cf of the same rank as T. 

Proof. By Lemma 4.9, it is enough to construct some universal tree on U of rank 
rk(T). This is easy to accomplish by induction on rk(T). □ 

The order type of <kb is easy to compute for universal trees: 

Lemma 4.11. Let T ^ {e} be a universal tree on a well-ordered set U of order 
type us. Then o KB (T) = w rk < T ) + 1. 

Proof. Let a < a\ < ■ ■ ■ be the successors of the root e of T, listed according to 
their order in U. Note that 

(4.6) o K b(T) = okb(To) + okb(Ti) + • • • + 1, 

where T n := T an is the subtree of T with root at a n . We prove the lemma by 
induction on rk(T) > 0. The result is clear if rk(T) = 1. Suppose that rk(T) = a+1 
where a > 0. Each T n is universal of rank < a, so by induction hypothesis, if 
T n 7^ {e}, then okb(Ttj) = cj rk ( T ") + 1 for all n. Because T is universal, there are 
infinitely many n E N such that rk(T„) = a. Since uj^ + uo 1 = whenever 7 > f3, 
it follows readily from (4.6) that okb(T) = w rk ' T ' + 1. Suppose now that rk(T) is 
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a limit ordinal. Hence rk(T) = sup{rk(T„) + 1 : n G N} is the limit of a strictly 
increasing subsequence of (rk(T„)). So by (4.6) and induction hypothesis we have 



k < T ") + 1 = W*™ 



as desired. □ 

Corollary 4.12. For every well- founded tree T ^ {e} on a well-ordered set U of 
order type u>, we have Okb(T') < u/ k ( T ) + 1. □ 

Clearly it may happen that Okb(T) < lo^ t ^ + 1, for example if T =/= {e} is finite. 
Another (infinite) example is given by the tree T — . . . , i) 6 M' : i G N} of 

rank lu on N. 

The order type of the Kleene-Brouwer ordering. We now investigate the 
order type of the Kleene-Brouwer ordering on ^(N 1 ™) in the case where <' has 
order type u). By Lemma 2.19 and Corollary 4.12 we obtain the upper bound 
okb^N™)) < oj^ 1 + 1. We will show: 

Proposition 4.13. The tree Ant</(N m ) contains a universal tree on N m with the 
same rank. 

Using Lemma 4.11, this immediately yields: 

Corollary 4.14. o KB (^'(N" 1 )) = w<" ro_1 +1. □ 

Before we begin the proof, let us introduce some notations: Given an element 
v G W n we will denote by t v the translation 

xi — > x -\- v. N m — > N m , 

and given a natural number n wc denote by i n the map 

u i — ► u n : N m -> N" l+1 . 

By component- wise application, the map t v gives rise to a map (N m )* — > (N m )* 
and L n gives rise to a map (N m )* — > (N m+1 )*, denoted by the same symbols. We 
have 

7v(Ant</(N" 1 )) C Ant</(N m ) and i„(Ant<,(N m )) C Ant<-(N m+1 ). 
For a sequence a = (a\, . . . ,a n ) G (N m )* we put \a\ = \a\\ H + \a n \. 

Proof (Proposition 4.13). We proceed by induction on m = 1,2,.... The case 
to = 1 is trivial, since Ant</(N) itself is universal. Suppose that m > 1 and let 
U C Ant</(N m " 1 ) be a universal tree of rank w" 1 " 2 . Put T := Ant<-(N m ). For 
any k > 1, we have 

T(o,...,o,fe) = Ant</(N m_1 x {0,...,fc-l}), 
hence rk(T( 0j ^) = u m ^ 2 k by Lemma 2.19. Therefore it suffices to show that 

T( o,fc) contains a universal tree of rank uj m ~ 2 k. Starting with Vo = {e}, we 

construct this tree in k steps. Suppose that Vt (0 < i < k) is a universal tree which 
is contained in 

T ( o,...,o,fc) n (N™- 1 x {fc k-1})* 

and has rank co m ~ 2 i. For each leaf a of V% choose an element v a of N m_1 with \v a | > 
|o|+i+l— k. It is easy to check that \v a \ is large enough to guarantee that every node 
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of the universal tree a ik-i-i (T Va (U)) is an antichain in N m x {k — i — 1, . . . , k — 1} 
arranged in <'-increasing order. Hence the tree 

VS+i := V U |J a Lk-i-i(r Va (U)) 

a 

(where the union runs over all leafs a of V^) is contained in 

%...,o,fc)n(N m - 1 x{fc-z-l,...,fc-l})*. 

So Vi + i is simply the tree obtained by "implanting" a copy of U (that is, the tree 
a tk-i-i(r Va (U))) at a, for each leaf a of Vi. It is immediate that each non-leaf node 
of Vi + i has u many successors. Note also that the heights of nodes of Vj+i that 
are coming from Vi will increase by rk(C/) while the heights of nodes coming from 
U will remain unchanged. More precisely we have: hty i+1 (w) = hty^u) + rk(U) if 
v e Vi and hty i+1 (v) = htu(u) for v = a ik-i-i(r Va (u)) where a is a leaf of Vi and 
u e U. This observation clearly implies the limsup condition hence universality for 
V i+ i, and 

rk(V i+1 ) = rk(Vi) + rk{U) = uj m - 2 (i + 1). 

Now one sees that the last tree Vk constructed in this way has the desired properties. 

□ 

Combining Corollary 4.14 and (4.2) we obtain as promised our estimates on the 
type of the ordered set of monomial ideals: 

Corollary 4.15. oj^ 1 + 1 < o(j c '(N m )) < uj^+V™ . □ 
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